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Quantum Reservoir Computing (QRC) processes temporal data by retaining a memory of past
inputs in the recurrent state of a quantum system, whereas a Quantum Extreme-Learning Machine
(QELM) discards that memory, resetting the system at every step so that only the most recent input
shapes the response. The two are usually treated as separate computational paradigms. We show
that they are the two limits of a single architecture, connected by the input-encoding length, that is,
the number of qubits overwritten with fresh data at each step. When a single qubit is re-encoded the
system operates as a standard QRC, when the whole register is re-encoded it operates as a QELM,
and intermediate lengths interpolate between them. The overwritten qubits hold the recent past
in an explicit register, while the remaining qubits are never reset and carry older inputs forward
in their evolving quantum state, so the encoding length redistributes memory between explicit and
recurrent storage at fixed system size. Tuning the reservoir Hamiltonian and the evolution time with
Bayesian optimization at each encoding length, we find that recurrent quantum memory is essential
when a task must reach far into the past, and dispensable when the relevant history is short, where
the memoryless reset limit already suffices. For every task the best reservoirs operate at the edge of
chaos, where they perform as well as a densely connected reservoir with random all-to-all couplings
of the same size, indicating that what temporal processing requires is the dynamical regime rather
than the connectivity.

I. INTRODUCTION

Quantum Machine Learning (QML) has emerged as an
active research direction at the intersection of quantum
information processing and artificial intelligence [1–3]. A
central question in the field is whether the large state
space and rich many-body dynamics of quantum systems
can be exploited as computational resources for learning
tasks. Most current approaches pursue this by making
the quantum system itself trainable, so that every opti-
mization step must be executed on the quantum device,
adjusting its parameters with high precision and estimat-
ing each update from repeated measurements [4, 5]. Be-
yond this experimental overhead, the training loop faces
obstacles of its own. Gradients typically vanish exponen-
tially with the system size, the so-called barren plateaus,
so that estimating them from measurements requires ex-
ponentially many repetitions and the training becomes
impractical beyond a few qubits [6–9]. Strategies that
avoid the loop entirely, keeping the quantum system fixed
and training only a classical readout on the measured
outputs, avoid both obstacles at once. Among them,
Quantum Extreme Learning Machines (QELMs) [10–15]
and Quantum Reservoir Computing (QRC) [16–19] have
recently gained attention in both theory and experiment.

The latter derives from classical Reservoir Computing
(RC), which uses the dynamics of a physical system to
map input streams into a high-dimensional representa-
tion. The reservoir supplies the nonlinearity through its
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intrinsic dynamical response, and training reduces to a
linear regression solved in closed form [20, 21]. QRC ex-
tends this to quantum many-body systems, where the
exponentially large Hilbert space provides a rich feature
space for temporal information processing [16, 17, 22, 23].
Since the unitary evolution of a closed quantum sys-
tem is reversible, the gradual forgetting of past inputs
that temporal processing requires [24] must be intro-
duced by a non-unitary map. Depending on the pro-
tocol, this map can enter at the input through an erase-
and-write step [16, 23], in the evolution through dissipa-
tion [25–27], or at the measurement stage via monitoring
schemes [28, 29]. In this work we adopt the first of these,
the standard choice of an erase-and-write map.

With this choice, the non-unitary step is restricted to
the input injection, while the evolution between inputs
remains unitary. Over the evolution between inputs, the
reservoir Hamiltonian mixes each newly encoded input
with the memory stored in the remaining qubits. This
scrambling makes combinations of inputs from many past
steps accessible to the readout. However, this mixing
cannot be pushed indefinitely, since in a high-dimensional
Hilbert space almost all states are locally indistinguish-
able from thermal equilibrium, a manifestation of canon-
ical typicality [30, 31]. Once the dynamics scramble
strongly enough the input delocalizes into global many-
body correlations, and few-body observables lose their
dependence on it. A useful reservoir therefore operates
between two extremes, with too little evolution leaving
the map nearly linear and too much erasing the local
imprint of the inputs, the best performance falling in be-
tween at moderate scrambling [32–35].

In the Heisenberg picture, both the reach into the past
and the nonlinearity of the readout come from one effect,
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FIG. 1. Quantum Reservoir Computing with a tunable memory register. (a) Example of the reservoir prediction ŝ(k)(pred)

(dashed blue) against the target s(k)(true) (solid grey) over a subset of the test set, for the NARMA-10 task (top) and the
Santa Fe laser series (bottom), both obtained with the intermediate w = 4 reservoir sketched in (b). The Hamiltonian is that
of Eq. (1), with (J, hx, hz,∆t) = (1, 0.5, 1.05, 3.14) for NARMA-10 and (1, 6.42, 3.84, 70) for Santa Fe. (b) Pipeline of one QRC

step. (i) The w most recent inputs (sk, sk−1, . . . ) are encoded into the register qubits (light blue), giving ρ
(k)
in ; these are reset and

rewritten at every step and hold the recent inputs explicitly (the explicit register), while the N −w memory qubits (dark blue)

are never reset and hold older inputs in their evolving state (the quantum memory register), in the state ρ
(k−1)
mem = Trw[ρ(k−1)]

inherited from the previous step. (ii) The whole chain then evolves for a time ∆t under U = e−iH∆t, so that the reservoir state

is updated as ρ(k) = U (ρ
(k)
in ⊗ ρ

(k−1)
mem )U†. (iii) The evolved state is measured on a set of observables {Oα}, collected into the

feature vector xk. (iv) A linear readout w, the only trained part of the protocol, maps these features onto the output.

the spreading of few-body observables into many-body
operators under the evolution, which lets a local measure-
ment reach inputs injected at earlier steps and combine
them into nonlinear features [36, 37]. The architecture
provides another knob, namely the number of qubits de-
voted to the input, which sets how much of the past is
stored explicitly rather than left to the recurrent quan-
tum state. We investigate this trade-off in a linear Ising
chain as illustrated in Fig. 1(b) in which a register hold-
ing the most recent inputs is re-encoded at every step.
These qubits store the recent past as an explicit record
and form the explicit register. The remaining qubits are
never reset, carry older inputs forward in their evolving
state, and form the quantum memory register. Widening
the former trades quantum memory for explicit encoding
at fixed system size and observable budget. We ask how
this balance should be set, and in particular whether the
recurrent quantum memory is always worth keeping. At
one extreme, a single input qubit leaves the entire past
to that memory; at the other, the nonrecurrent QELM
resets every qubit at each step so that only the explicit
register survives; intermediate windows interpolate be-

tween the two.

To answer how this balance should be set, we bench-
mark the reservoir on two families of tasks that place
complementary demands on its memory and are summa-
rized in Table I. The first family asks it to reconstruct the
past. The Short-Term Memory (STM) task measures the
linear memory the reservoir retains about earlier inputs,
while the NARMA family couples memory of the recent
past with nonlinear processing [38]. The second family
asks it to forecast the future of a chaotic signal from its
history. We use the Mackey-Glass system [39], whose
attractor ranges from quasi-periodic to high-dimensional
chaos, and the Santa Fe laser series [40], a measured sig-
nal with short-ranged correlations. The two signals are
deliberately opposite, the Mackey-Glass attractor devel-
oping long-range structure that should reward a recur-
rent memory while the short correlations of the Santa Fe
series may not need one.

To compare windows fairly, we evaluate each encod-
ing window at its best-performing dynamics, optimiz-
ing the evolution time and the Hamiltonian parame-
ters with Bayesian Optimization (BO) through the Tree-



3

Task Target Task parameter Score

STM sk−d — Ctot, d ≤ 50

NARMA-n Eq. (6) n ∈ {1, . . . , 10} 1 − NRMSE

Mackey–Glass sk+d τMG ∈ {7, . . . , 50} Cfut
tot , d ≤ 150

Santa Fe sk+d — Cfut
tot , d ≤ 70

TABLE I. Benchmark tasks. The memory tasks reconstruct
a function of past inputs and the forecasting tasks predict the
future value of the signal. The third column gives the param-
eter that tunes the demand within each family, the order n
of the recurrence and the delay τMG controlling the attractor
dimension, with STM and Santa Fe having no such dial. The
last column gives the score, a capacity summed over delays
or horizons up to dmax, or 1 − NRMSE for NARMA.

structured Parzen Estimator (TPE) [41, 42]. We also
characterize how chaotic the best-performing regime is
for every window. Earlier work placed this optimum at
the edge of many-body quantum chaos, but mostly at a
single input site in densely connected models [33, 34, 43].
Quantum reservoirs are more generally built from ran-
domly and densely coupled systems [16, 22, 23, 44–46] on
the premise that complex dynamics call for dense connec-
tivity. We test whether a native nearest-neighbor chain
with only uniform local fields already reaches the mod-
erate scrambling regime that temporal processing needs,
and benchmark it directly against the densely connected
model at equal size. We sweep the full range of encoding
windows in the 1D Mixed-Field Ising Model (MFIM),
tracking how the optimal regime shifts as the reservoir
moves from relying on its quantum memory to relying
on an explicit register.

In Sec. II, we introduce the mixed-field Ising chain,
characterize its chaotic dynamics, and define the
encoding-window protocol. In Sec. III we benchmark the
reservoir on the memory and forecasting tasks and com-
pare it against a densely connected reservoir of equal size.
We summarize our findings in Sec. IV.

II. THE 1D MIXED-FIELD ISING MODEL AS
QUANTUM RESERVOIR

The quantum reservoir that we use consists of a
one-dimensional Mixed-Field Ising Model (MFIM) of N
qubits with open boundary conditions. Its Hamiltonian
is given by

H = J

N−1∑
i=1

XiXi+1 + hz

N∑
i=1

Zi + hx

N∑
i=1

Xi, (1)

where J sets the nearest-neighbor coupling along x, and
hx and hz are uniform longitudinal and transverse fields.
The MFIM is among the simplest interacting quantum
systems realizable on quantum hardware, and a single
pair of fields tunes it continuously from an integrable to a

fully chaotic regime. Switching off the longitudinal field,
hx = 0, reduces Eq. (1) to the integrable Transverse-Field
Ising Model (TFIM), which maps to free, non-interacting
fermions through the Jordan-Wigner transformation [47].
A nonzero hx breaks this integrability and drives the sys-
tem toward quantum chaos, so that (hx, hz) alone inter-
polates between the two regimes at fixed coupling.

This tunability makes the MFIM a suitable reservoir,
since the degree of chaos in its dynamics largely controls
the memory available for computation, while the nonlin-
earity of the feature map is set by the encoding and the
measured observables. Its static level statistics (Sec. II A)
locate the parametric crossover from integrable to chaotic
dynamics across the field plane, and its dynamical prop-
erties (Sec. II B) set the characteristic timescales of a
fixed chaotic reservoir. Sec. II C then describes how the
model is operated as a quantum reservoir, and Sec. II D
the strategy used to select the best-performing ones.

A. Static properties: level statistics

Quantum chaos manifests in the spectrum as repul-
sion between energy levels, absent in the integrable case,
and we use this to characterize the reservoir through its
level statistics. To quantify it, rather than the bare level
spacing, which depends on the local density of states and
requires unfolding, we use the dimensionless ratio of con-
secutive gaps [33, 48, 49]. Ordering the eigenvalues {En}
within a symmetry sector and writing sn = En+1 − En,
the gap ratio is

r̃n =
min(sn, sn−1)

max(sn, sn−1)
∈ [0, 1], (2)

whose spectral average ⟨r̃⟩ separates the two regimes. In
the integrable limit the levels are uncorrelated and may
cross freely, so the spacing obeys Poisson statistics as
conjectured by Berry and Tabor [50], giving PPoiss(r̃) =

2
(1+r̃)2 with mean ⟨r̃⟩ = 2 ln 2− 1 ≈ 0.386. In the chaotic

regime the levels repel, and by the Bohigas-Giannoni-
Schmit conjecture their fluctuations follow Random Ma-
trix Theory (RMT) [51]. The gap-ratio distribution is
then well described by the surmise distribution Pβ(r̃) =
2
Zβ

(r̃+r̃2)β

(1+r̃+r̃2)1+3β/2 [52], with Zβ a normalization constant

and the Dyson index β labeling the symmetry class.
Since the Hamiltonian from Eq.(1) is real and symmetric,
its chaotic regime belongs to the Gaussian Orthogonal
Ensemble (GOE) β = 1, with Z1 = 8/27 and numerical
mean ⟨r̃⟩ ≈ 0.531 in the large-matrix limit. Therefore,
a value of ⟨r̃⟩ near 0.386 indicates integrable dynamics,
one near 0.531 a chaotic regime, and intermediate values
track the crossover.

We compute ⟨r̃⟩ for N = 10, fixing J = 1 through-
out unless stated otherwise. Some care is needed with
the symmetry sectors, since superposing the uncorrelated
spectra of different sectors washes out the level repul-
sion and biases the statistics towards Poisson even in the
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FIG. 2. Spectral characterization of the MFIM reservoir for
N = 10 at coupling J = 1, with fields drawn from Gaussian
distributions of width ϵ = 0.05 around their nominal values
⟨h•⟩ and averaged over nr = 1000 realizations in (a, b) and
nr = 200 in (c, d). (a) Average gap ratio ⟨r̃⟩ versus the longi-
tudinal field ⟨hx⟩ at fixed ⟨hz⟩ = 1.05, with the shaded band
showing ±1σ. The dashed and dotted lines mark the Pois-
son (0.386) and GOE (0.531) values, and the dot marks the
chaotic point used in this work, (⟨hx⟩, ⟨hz⟩) = (0.5, 1.05). (b)
Heatmap of ⟨r̃⟩ over the field plane, with the chaotic (red)
and integrable (blue) reference points marked. (c-d) Gap-
ratio distributions P (r̃) at the chaotic point (0.5, 1.05) and
the integrable point (0.05, 3), compared with the Poisson and
GOE predictions.

chaotic regime [53]. With uniform fields, Eq. (1) is in-
variant under the spatial reflection i → N + 1 − i about
the center of the chain, whose parity operator commutes
with H and splits the Hilbert space into symmetric and
antisymmetric sectors. We therefore diagonalize H in
each sector separately and evaluate the gap ratio within
it. To smooth the strong sample-to-sample fluctuations
of ⟨r̃⟩ in a finite chain, we average over nr = 1000 real-
izations whose uniform fields are drawn with Gaussians
of width ϵ = 0.05 centered at the nominal values ⟨hx⟩
and ⟨hz⟩. Finally, since the gap ratio is only meaning-
ful where the density of states is smooth we discard the
lowest and highest 25% of the spectrum, where bound-
ary effects dominate, and evaluate ⟨r̃⟩ over the central
bulk. Along a cut at fixed ⟨hz⟩ = 1.05 (Fig. 2(a)), ⟨r̃⟩
sits at the Poisson value at ⟨hx⟩ = 0, where the model re-
duces to the integrable TFIM, rises to the GOE value as
⟨hx⟩ grows and chaos sets in, and falls back toward Pois-
son at large fields, where the coupling and the dominant
longitudinal field share an eigenbasis and the dynam-

ics become nearly classical. The dot marks the chaotic
point (⟨hx⟩ , ⟨hz⟩) = (0.5, 1.05), benchmarked in earlier
works [54, 55], which we adopt as the chaotic reservoir
Hamiltonian below. The same structure recurs over the
full field plane (Fig. 2(b)), the ratio dropping to Poisson
at very low fields or wherever one field dominates the
other and the coupling, and reaching GOE across a broad
region where both fields are comparable to the coupling;
the red and blue crosses mark the chaotic Hamiltonian
and an integrable reference point (0.05, 3). The gap-ratio
distributions at these two points (Fig. 2(c,d)) confirm the
distinction, the chaotic one following the GOE surmise
and vanishing as r̃ → 0 in a clear signature of level repul-
sion, the integrable one following the Poisson form with
none.

B. Dynamical properties: scrambling timescales

How far the encoded information spreads depends not
only on whether the spectrum is chaotic but also on the
evolution time ∆t, since the chaotic correlations that
drive the scrambling build up only beyond a character-
istic timescale. Two such scales govern the dynamics
of a finite chaotic quantum system, one timescale mark-
ing the point at which the discreteness of the spectrum
is resolved and a shorter one marking the onset of the
chaotic correlations. Before determining them, we fix the
unit of time by normalizing the Hamiltonian by its root-
mean-square spectral width, σH =

√
Tr(H2)/D, which

coincides with the standard deviation of the eigenvalues
since H is traceless, so that the rescaled H̃ = H/σH has
unit spectral variance. This removes the dependence on
the overall energy scale set by (J, hx, hz), ensuring that a
given evolution time corresponds to comparable dynam-
ics across parameters, and sets a common dimensionless
time unit. All evolution times of this work, including the

two scales above, refer to this rescaled evolution e−iH̃∆t.
The longest timescale of the two, present in any system

with a discrete spectrum, is the Heisenberg time tH , set
by the inverse mean level spacing, which marks the scale
at which individual levels are resolved. For the quan-
tum reservoir at the selected chaotic point (J, hx, hz) =
(1, 0.5, 1.05), it takes the value tH ≃ 178, and the de-
tails of how it is computed can be found in Appendix A.
The other timescale, specific to the chaotic regime, is the
Thouless time tTh, which following Ref. [56] can be inter-
preted as the time that an initially localized many-body
state takes to spread, through local interactions, over the
part of the Hilbert space compatible with its energy.

The Thouless time is read from the Spectral Form
Factor (SFF), the Fourier transform of the spectral two-
point correlations, which measures how those correlations
manifest dynamically. In a chaotic system its connected
version Kc(τ) follows the universal GOE ramp KGOE(τ)
only beyond tTh: as Fig. 3(a) shows, Kc(τ) departs from
the GOE prediction at short times, joins it at τTh, and
saturates to the plateau at τH = 1. We locate the onset
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FIG. 3. Dynamical signatures of quantum chaos in the MFIM reservoir, at the chaotic point (hx, hz) = (0.5, 1.05) and,
for comparison in (c), also at the integrable point (0.05, 3). (a) Connected spectral form factor (SFF) Kc(τ) as a function
of the rescaled time τ = t/tH (solid), compared with the GOE prediction KGOE(τ) (dashed), averaged over nr = 2000
realizations with fields drawn uniformly from a window of half-width ϵdis = 0.15 around the chaotic point. (b) Deviation
∆K(τ) = | log10[Kc(τ)/KGOE(τ)]|, with the threshold ϵth = 0.01 (dotted horizontal line) whose crossing gives tTh = 42.1 ± 5.3
in physical units. (c) Half-chain von Neumann entropy ⟨SvN(t)⟩, averaged over 200 initial random product states evolved under
the chaotic (red) and the integrable (blue) Hamiltonians, with the Page value SPage ≈ 2.97 marked (dashed horizontal line). In
all panels the vertical band marks tTh, and shaded bands show ±1σ, over disorder realizations in (a, b) and over initial states
in (c).

through the deviation ∆K(τ) = | log10[Kc(τ)/KGOE(τ)]|
of Fig. 3(b), moving inward from large τ to the first
crossing of a threshold ϵth = 0.01. A single finite spec-
trum yields a noisy Kc(τ), since the SFF does not self-
average and only converges to the universal ramp once
averaged over an ensemble [57]. Our model carries no in-
trinsic disorder, so we build that ensemble from a small
neighborhood of the chaotic point, drawing the fields uni-
formly from a window of half-width ϵdis = 0.15 around
(hx, hz) = (0.5, 1.05) and averaging over nr = 2000 real-
izations. This gives tTh = 42.1±5.3, representative of the
chaotic region rather than of one fine-tuned point. The
connected SFF, the GOE ramp, and the full extraction
pipeline, including the spectral unfolding and filtering,
are given in Appendix B.

Figure 3(c) gives an intuitive picture of the Thou-
less timescale. We prepare ns = 200 random product

states |ψ0⟩ =
⊗N

i=1 |φi⟩, with |φi⟩ = cos(θi/2) |0⟩ +
eiϕi sin(θi/2) |1⟩, cos θi ∼ U [−1, 1] and ϕi ∼ U [0, 2π),

evolve each under e−iH̃∆t, and compute the half-chain
von Neumann entropy

SvN (∆t) = −Tr (ρA(∆t) ln ρA(∆t)) , (3)

with ρA(∆t) = TrB(|ψ(∆t)⟩ ⟨ψ(∆t)|), averaged over
the initial states. At the chaotic point (J, hx, hz) =
(1, 0.5, 1.05) the entanglement grows ballistically from
zero and saturates, around tTh, close to the Page value
SPage ≃ lnDA− DA

2DB
≈ 2.97 for N = 10 [58]. At the inte-

grable point (hx, hz) = (0.05, 3) it also grows ballistically
but saturates well below the Page value and oscillates,
the conserved quantities of the integrable model prevent-
ing the state from spreading uniformly over the Hilbert
space and instead returning it periodically toward less

entangled configurations, a signature of the absence of
thermalization.

C. The MFIM as a quantum reservoir

We operate the MFIM as a reservoir through the noise-
less erase-and-write map, in which the dissipation comes
from the active reset of the input qubits at each step.
The full protocol, sketched in Fig. 1(b), repeats at every
step the encoding of the inputs (i), the unitary evolution
of the reservoir (ii), and the measurement of a set of ob-
servables (iii), with the linear readout (iv) trained only
once at the end. The reservoir is initialized in a refer-
ence state that is easy to prepare, here ρ(0) = |0⟩ ⟨0|⊗N

.
In step (i), the w input qubits are reset and the w most
recent inputs of the sequence {sk}, with sk ∈ [0, 1], are
injected into the explicit register through single-qubit ro-
tations Ry(πs), so that the reservoir state becomes

ρ(k) = ρ
(k)
in ⊗ Trw[ρ(k−1)], (4)

where ρ
(k)
in =

⊗w−1
j=0 ρ(sk−j), with ρ(s) =

Ry(πs) |0⟩ ⟨0|R†
y(πs), and Trw the partial trace over the

input qubits, which leaves the N − w memory qubits
untouched. In step (ii), the whole chain evolves under
the normalized Hamiltonian for a time ∆t,

ρ(k)(∆t) = e−iH̃∆t
(
ρ
(k)
in ⊗ Trw

[
ρ(k−1)

])
eiH̃∆t, (5)

with H̃ = H/σH .
For a reservoir to process information reliably it must

satisfy the Echo State Property (ESP), by which its state,



6

after a sufficient number of steps, becomes a function of
the input history alone, independent of the initial state
ρ(0) [20, 59, 60]. In our protocol, the erase-and-write map
drives the reservoir toward the ESP through the partial
reset of Eq. (4), which discards part of the reservoir state
at every step and progressively washes out the memory
of ρ(0). On its own, the reset only removes the infor-
mation stored in the input qubits. Combined with the
scrambling evolution of Eq. (5), which feeds the rest of
the state into those qubits before they are overwritten,
it eventually erases the initial state entirely, as we verify
numerically in Appendix C 1.

The same convergence underlies the Fading Memory
Property (FMP), by which the reservoir forgets each past
input as more recent ones are injected, so that the recent
past weighs more than the distant one [61, 62]. An input
stays written in the explicit register for its first w steps,
where it is held in the explicit register, and once it leaves
this register it survives only in the recurrent memory of
the N −w qubits, fading under the repeated resets. The
reservoir thus holds the last w inputs explicitly and a
decaying memory of everything older, a balance we study
in Sec. III.

The reservoir must also be input-separable, meaning
that distinct input histories drive it to distinguishable
states [29, 62]. This sets a second demand on the contrac-
tion behind the washout, which has to erase the initial
condition without erasing the differences between input
histories. The input-dependent reset of the erase-and-
write map, which writes a distinct pure state into the ex-
plicit register at each step, provides this separation. We
verify it directly in Appendix C 2, initializing two reser-
voirs in the same state and driving them with different
input sequences. Once the initial state is washed out, the
two trajectories do not merge but settle at a finite dis-
tance, confirming that the stationary trajectory remains
input-driven. That distance is however small, of the or-
der of 10−2 − 10−1 in Frobenius norm, so that resolving
it from measured statistics would demand a large num-
ber of shots. This limitation does not affect the present
work, where all features are exact expectation values, but
it sets the measurement budget of any experimental im-
plementation of the protocol [63, 64].

Once the washout is complete, we begin recording the
features. These are collected in step (iii), after the evo-
lution of Eq. (5) and before the next reset. On the
evolved state, we measure the single-qubit expectations
⟨Xi⟩, ⟨Yi⟩, ⟨Zi⟩ and the two-body correlators ⟨XiXj⟩,
⟨YiYj⟩, ⟨ZiZj⟩, a total of 3N+3

(
N
2

)
= 165 observables for

N = 10 that we collect into the feature vector xk ∈ R165.
The readout, step (iv), is a linear map from the fea-

tures to the target, ŷk = w⊤xk, and it is the only part
of the protocol that is trained. We collect the recorded
feature vectors as rows of a design matrix X, augmented
with a constant column for the bias, and the correspond-

ing targets of the training set into a vector s
(true)
train . The

weights then follow from ridge regression, which admits

the closed-form solution w = (X⊤X + λR)−1X⊤s
(true)
train ,

with R = diag(0, 1, . . . , 1). The regularization λ penal-
izes large weights and helps prevent overfitting, while the
zero first entry of R leaves the bias unpenalized, so that a
constant offset in the target is not artificially suppressed.

We split the post-washout data into a training and
a test set in an 80/20 ratio, preserving the test set for
the final performance estimate alone. The regularization
strength λ is not fixed beforehand but selected on the
training data through a further 80/20 split into a fit and
validation set. For each λ on a logarithmically spaced
grid of ten values from 10−8 to 101, we solve the ridge
equation on the fit and evaluate the Mean Square Error
(MSE) on the validation set, retaining the value λ∗ that
minimizes it. We then retrain the readout on the full
training set with λ∗ and evaluate once on the test set.

D. Optimal reservoir search

A fair comparison between the different encoding
windows requires evaluating each w at its own best-
performing dynamics. Since each evaluation is expensive,
involving a full reservoir trajectory and the training of
the readout, we locate these optima with Bayesian Opti-
mization (BO), using the Tree-structured Parzen Estima-
tor (TPE) [41, 65] as implemented in Optuna [42]. TPE
builds a probabilistic model of where the good-scoring
configurations concentrate relative to the bad ones and
proposes the next trial where this ratio is largest, so that
the costly simulations are spent on the most promising
regions of the search space, as we detail in Appendix D.
Each optimization in our simulations comprises 150 tri-
als, the first 50 drawn at random to seed the model and
the remaining 100 guided by TPE, and is run indepen-
dently for every w.

We deploy this strategy on two separate experiments
for each encoding window w and each task. The first
strategy is the parametric case, where the evolution time
is fixed and the fields are optimized over (hx, hz) ∈
[0, 10]2 at fixed J = 1. We set ∆t = 70, inside the win-
dow tTh < ∆t < tH established in Sec. II B for the chaotic
point marked in Fig. 2(b), so that the chaotic correlations
of the dynamics are fully developed. This range covers
the entire field plane of Fig. 2(b), from the integrable
boundaries to the chaotic plateau, so the optimizer is free
to place the reservoir anywhere across the integrable-to-
chaotic crossover rather than being confined to a regime
chosen by hand. The second strategy is the temporal
case, where we fix the Hamiltonian to the chaotic point
(hx, hz) = (0.5, 1.05) characterized in Secs. II A and II B
and optimize the evolution time over ∆t ∈ [10−1, 103],
sampled on a logarithmic scale to probe all timescales
evenly, from evolutions much shorter than tTh to well
beyond tH . Separating the two searches keeps each opti-
mization low-dimensional and isolates the two handles on
the dynamics, asking which Hamiltonian performs best
at a fixed evolution time, and how much evolution the
fixed chaotic Hamiltonian needs.
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FIG. 4. Total short-term memory capacity Ctot =
∑50

d=1 C(d) of the N = 10 MFIM reservoir versus encoding window w, under
the two strategies of Sec. II D, optimizing ∆t at the fixed chaotic point (hx, hz) = (0.5, 1.05) in (a) and (hx, hz) at fixed ∆t = 70
in (b). Light markers with band show the mean ±σ over the 50 random configurations, dark markers the 100 guided (TPE)
trials, and the solid line the single best configuration. Panel (c) overlays the two best curves. All collapse to a common value
at the QELM limit w → N .

III. RESULTS

We evaluate every encoding window w at its own op-
timum under the two strategies of Sec. II D.

A. Memory tasks

1. Short-Term Memory (STM) task

The STM task tests the linear memory of the reservoir.
It is driven with independent random inputs sk ∼ U [0, 1],
and the readout is trained to reconstruct the input in-
jected d steps in the past, yk = sk−d. The target is the in-
put itself, so the task involves no processing and measures
only how much information about sk−d remains linearly
accessible after d further injections. For each delay we

quantify it through the capacity C(d) = cov2(ŷk,sk−d)
var(ŷk)var(sk−d)

∈
[0, 1], the squared Pearson correlation between predic-
tion and target on the test set. Summing over delays

gives the total memory capacity Ctot =
∑dmax

d=1 C(d), the
score maximized by the BO, with dmax = 50. We use
8000 steps in total, discarding the first Nwo = 3000 as a
washout to erase the initial condition (fixed also for the
remaining tasks) and splitting the remaining 5000 steps
80/20 into a 4000-step training set and a 1000-step test
set, on which the capacities C(d) are evaluated.

In panels (a) and (b) of Fig. 4, the guided bands sit
well above the random one, so the search is finding bet-
ter reservoirs than random sampling would. The tem-
poral scan of Fig. 5 corroborates the search, since the
optimum found by BO (crosses) coincides with the true
maximum of the scanned curve (stars) at every window.
For the parametric search we report no analogous scan,
since a grid over the two-dimensional field plane is far
more costly and requires averaging over several instances;

instead, we analyze the optimal fields (hx, hz) in Ap-
pendix E 1.

The highest capacity is reached at w = 1 in both pan-
els, with Ctot decreasing monotonically as w grows. At
w = 1 the accessible past is stored in the N − 1 memory
qubits, whose correlations hold information about many
past inputs at once. Increasing w trades these qubits for
encoding qubits, which recall the current input and its
w − 1 predecessors perfectly but shorten how long any
input is retained (analyzed further in Appendix E 1). Fi-
nally, the dispersion of both the random and the guided
distributions shrinks as w increases. At small w the ca-
pacity depends delicately on the configuration, so tuning
matters most, whereas at larger w the encoding window
guarantees recall of the recent inputs and the dynamics
matter less. At the QELM limit w = N , all curves col-
lapse to a common value set by the register alone, since
no memory qubit remains and the reservoir reduces to
a nonrecurrent time-delayed quantum feature map fed
with an explicit input window. In this limit, the fea-
ture map depends only on the externally supplied delay
vector, and while its features still depend on H and ∆t,
empirically the STM score becomes weakly sensitive to
these parameters for this linear recall task [66].

Comparing the two strategies, the temporal search
shows wider random and guided bands than the para-
metric one (Fig. 4(a, b)), so the capacity depends more
sensitively on the evolution time than on the fields. This
sensitivity rewards the tuning, and panel (c) shows the
payoff, with the best temporal configuration exceeding
the best parametric one at every window w < N , the
two meeting only at the QELM limit. The scan of Fig. 5
explains this spread. At the shortest evolution times the
dynamics have not yet mixed the input into the chain, so
the reservoir recalls only what is written explicitly in its
register, and the curves are ordered by w, with w = N
highest. A moderate evolution reverses this, spreading
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FIG. 5. Total memory capacity Ctot =
∑50

d=1 C(d) versus
evolution time ∆t at the chaotic point (hx, hz) = (0.5, 1.05),
scanned for each window w = 1 to 10. For every window the
maximum of the scan (star) coincides with the BO optimum
(cross). The capacity peaks at intermediate ∆t, well before
the Thouless time tTh = 42.1 ± 5.3 (dashed) and the Heisen-
berg time tH = 178 (dash-dotted), and settles onto a low
plateau at long ∆t. The peak height decreases monotonically
with w, from w = 1 to the QELM limit w = N .

the input into the memory qubits so that the capacity
peaks, now largest at w = 1 where the recurrent mem-
ory is deepest, before a longer evolution flattens it to a
low plateau, reached already before the Thouless time,
where the input has delocalized beyond the reach of the
local readout and every window performs alike, as under
a Haar-random unitary. The peak marks the moderate
scrambling that works best, and appears for every encod-
ing window with w < N .

2. NARMA-n task

The Nonlinear Auto-Regressive Moving Average of or-
der n (NARMA-n) [38] extends the demand from pure
reminiscence to memory combined with nonlinear pro-
cessing. The reservoir is driven with independent ran-
dom inputs sk ∼ U [0, 0.5], and the target is generated by
the recurrence

yk = 0.3yk−1+0.05yk−1

n−1∑
i=0

yk−1−i+1.5sk−nsk+0.1. (6)

The cross-term sk−n sk is the critical ingredient, since
it requires the reservoir both to recall the input from
n steps in the past and to compute its nonlinear prod-
uct with the current input. The order n therefore acts
as a tunable memory demand, with larger n requiring
progressively longer recall and more complex nonlinear
transformations. During the optimization the objective
is 1 − NRMSE, with NRMSE =

√
⟨(ŷk − yk)2⟩/var(yk).

The dataset follows the same protocol as the STM task,

except that the first n steps are additionally dropped,
since the recurrence of Eq. (6) is undefined before the
input history reaches the order.

The best score at each order n and encoding window
w, under both strategies, is organized by the diagonal
n = w marked with the black staircase (Fig. 6). Since
the window holds the inputs at delays 0, . . . , w−1, the lag
sk−n required by the cross-term of Eq. (6) is physically
present in the reservoir whenever n < w. In this region
the recall is guaranteed by construction, and the non-
linear products the target requires are already exposed
by the encoding and the two-body observables, so both
panels show uniformly high scores. The degradation at
higher orders reflects the growing nonlinear demand of
the target, whose autoregressive sum couples an increas-
ing number of past values. The corner n = 10, w = N
collapses entirely, since the required lag falls outside even
the full register and no memory qubits remain to carry
it, consistent with the QELM collapse seen for the STM
task.

Below the diagonal the required lag leaves the encoding
register and its recall must be supplied by the memory
qubits, and here the two strategies behave differently. In
the temporal case the best score at each order is con-
sistently reached at w = 1, where the memory register
is largest and the evolution time can be tuned to bal-
ance the two competing demands of the task, keeping
the required lag alive in the memory register while mix-
ing it with the recent inputs so that their product be-
comes accessible to the readout. The temporal scans of
Fig. 7 show this balance explicitly. Whenever n ≥ w
the score peaks at intermediate evolution times, where
the dynamics have mixed the inputs enough to build the
nonlinear cross-term but not so much as to erase the re-
quired lag. The peak is sharpest at small windows and
high orders, where the lag left the encoding register the
longest ago and the range of useful evolution times, long
enough to build the cross-term yet short enough to pre-
serve the lag, is narrowest. When n < w, by contrast,
the score is high already at vanishing evolution times,
since both inputs entering the cross-term sit inside the
encoding register and their product is directly available
to the readout through the two-body correlators. In the
parametric case the optimum sits at intermediate win-
dows for some orders, although the differences are small,
and at the highest orders it returns to w = 1.

Which of the two strategies performs better changes
with the order (Fig. 6(c)). For NARMA-7 the paramet-
ric search obtains higher scores over most of the window
range, while for NARMA-10 the ordering reverses and the
temporally optimized reservoir performs best, with both
strategies collapsing together at w = N . The compari-
son between the two strategies thus depends on how the
task balances its two demands, recalling the lag and pro-
cessing it nonlinearly. At moderate orders both demands
are low, and the parametric search benefits from its larger
freedom, as it can explore the whole field plane. At higher
orders, however, the long evolution time fixed in the para-
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FIG. 6. NARMA-n score 1 − NRMSE over the plane of order n and encoding window w for the N = 10 reservoir, showing
the best score reached by optimizing ∆t at the fixed chaotic Hamiltonian (a) and (hx, hz) at fixed ∆t = 70 (b). The black
staircase marks the diagonal n = w, at and below which the required lag exceeds the register and must be supplied by the
memory qubits. Panel (c) compares the two strategies for NARMA-7 and NARMA-10 versus w; the ordering inverts between
them, with the field-optimized reservoir (hx, hz-opt., solid) leading for NARMA-7 and the temporally optimized one (∆t-opt.,
dashed with triangles) for NARMA-10, the two collapsing as w → N .

FIG. 7. NARMA-n score 1 − NRMSE versus evolution time ∆t at the chaotic point (hx, hz) = (0.5, 1.05), scanned for each
window w = 1 to 10 (panels) and orders n = 3, 5, 7, 10 (colors). Stars mark the maximum of each scan and crosses the BO
optimum, which coincide throughout. The score peaks at intermediate ∆t when n ≥ w (sharpening with order) and is already
high at short ∆t when n < w, where both inputs of the cross-term lie inside the window. Vertical lines mark the Thouless time
tTh = 42.1 ± 5.3 (dashed) and Heisenberg time tH = 178 (dash-dotted).

metric case becomes a bottleneck, and no choice of fields
compensates for it, so optimizing the evolution time of
the fixed chaotic Hamiltonian reaches better reservoirs.
Extended results across all orders and windows, together
with the corresponding best configurations found, are col-
lected in Appendix E 2.

B. Forecasting tasks

The second family asks the reservoir to predict the
future of a temporal signal from its history. Now the
reservoir must build, from the input history, the non-
linear functions from which the future of the signal can
be linearly extrapolated. We quantify the performance
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FIG. 8. Mackey-Glass forward-prediction capacity Cfut
tot over the plane of delay τMG and encoding window w for the N = 10

reservoir, optimizing ∆t at the fixed chaotic Hamiltonian (a) and (hx, hz) at fixed ∆t = 70 (b). The score is bounded by
dmax = 150, reached for a perfectly predicted horizon. Panel (c) compares the two strategies versus w for the chaotic delays
τMG = 30 and 50, where the field-optimized reservoir (hx, hz-opt.) exceeds the temporally optimized one (∆t-opt.), the two
converging at the QELM limit w = N .

through the forward counterpart of the STM capacity,

Cfut(d) = cor2(ŷk, sk+d) , Cfut
tot =

dmax∑
d=1

Cfut(d), (7)

where each future horizon d is served by its own inde-
pendently trained readout, so that the reservoir always
receives the true signal as input and no prediction is fed
back. The total capacity is the score maximized by the
BO, and it aggregates the squared predictive correlation
across horizons, with each fully correlated horizon con-
tributing one unit to the sum.

1. Mackey-Glass task

The Mackey-Glass system is a delay-differential equa-
tion introduced to model physiological processes such as
blood-cell regulation [39], governed by

dx

dt
= β

x(t− τMG)

1 + x(t− τMG)n
− γ x(t), (8)

with n = 10, and the standard parameters β = 0.2,
γ = 0.1. The first term is a nonlinear production driven
by the past state and the second a linear decay of the
present one, so the variable is pushed by its own history
while relaxing in the present. The delay sets how much
of that history takes part in the dynamics and thus the
complexity of the signal. For small delays the system set-
tles on a stable limit cycle, and chaos develops beyond
τMG ≳ 17, with the attractor growing in dimension as
the delay increases, so that a single parameter tunes the
difficulty of the forecasting task. We generate datasets
at τMG ∈ {7, 15, 17, 30, 50}, spanning from quasi-periodic
motion, at τMG = 7 and 15, through the onset of chaos at
τMG = 17, to the moderate and high-dimensional chaotic

attractors at τMG = 30 and 50. The series are rescaled to
[0, 1] before encoding, and the dataset follows the same
protocol as the memory tasks. We evaluate the forward
capacity of Eq. (7) up to a horizon of dmax = 150 steps,
with Cfut

tot as the objective to maximize with BO.

Across delays and windows, the forward capacity
tracks the attractor complexity directly (Fig. 8). In the
quasi-periodic regime, at τMG = 7 and 15, the reser-
voir reaches the maximum Cfut

tot = dmax = 150 for every
window, reproducing the full horizon with near-unit cor-
relation even in the QELM limit. The signal is regular
enough that the instantaneous feature map alone recon-
structs it, and no quantum memory is required. At the
onset of chaos, τMG = 17, the capacity remains close to
this maximum value, around Cfut

tot ≃ 148 for both strate-
gies and all windows, with only a slight decrease as w
grows. Once the attractor gains dimension, at τMG = 30
and 50, the capacity degrades, and more pronouncedly
toward large w. In both strategies the score is highest
at small windows and decreases toward the QELM limit,
which is the lowest at each delay. Still, the decline is
much lower than in the memory tasks. At τMG = 30
the QELM retains most of the small-window capacity,
whereas in the STM task it kept only the recall of the
encoding register itself, and it is only at τMG = 50 that
the collapse becomes comparable, with the QELM falling
to Cfut

tot ≃ 61, less than half of the perfect value, so that
every window below N outperforms it and the margin
widens with the complexity of the signal. The STM task
queries lags of up to dmax = 50 steps directly, which the
QELM cannot reach by construction, while forecasting
draws on the history only through what it contributes to
the future of the signal, a demand that grows with the at-
tractor dimension. Reconstructing a higher-dimensional
attractor requires a longer stretch of that history, and it
is the memory register that supplies it, a temporal chan-
nel the QELM loses once the chain is rewritten in full.
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FIG. 9. Santa Fe forward-prediction capacity Cfut
tot versus encoding window w for the N = 10 reservoir, optimizing ∆t at the

fixed chaotic Hamiltonian (a) and (hx, hz) at fixed ∆t = 70 (b). Markers follow Fig. 4, with light markers for the random trials,
dark for the guided (TPE) trials, and the solid line for the best configuration. Panel (c) overlays the two best curves. The
capacity is highest at small windows and decreases toward the QELM limit, with the field-optimized search higher throughout.

For the two chaotic delays (Fig. 8(c)), both strate-
gies degrade with w and approximately meet at the
QELM limit, where no quantum memory register re-
mains and the reservoir reduces to a nonrecurrent feature
map whose score depends only weakly on how its dynam-
ics were selected. Below that limit, the field-optimized
search reaches higher capacities than the temporal one
across the windows. On this task, fixing the evolution
time and optimizing the fields lets the search explore the
whole field plane, and this larger freedom reaches dynam-
ics better matched to the long memory that forecasting
the attractor demands. Extended results across all de-
lays and windows, together with the parameters of the
best configurations found, are collected in Appendix F 1.

2. Santa Fe task

The second forecasting signal is the Santa Fe laser se-
ries [40], a measured record of the output intensity of a
far-infrared NH3 laser and a classic benchmark from the
1991 Santa Fe prediction competition. Unlike Mackey-
Glass, it is recorded from an experiment rather than gen-
erated from a known equation, so it carries measurement
noise on top of its deterministic dynamics, and its bursts
of intensity decorrelate over a few steps. It therefore
complements the previous task, testing the reservoir on
a real, short-memory chaotic signal rather than a syn-
thetic one with tunable long-range structure. We follow
the same protocol as in the other tasks, now with a hori-
zon of dmax = 70.

The Santa Fe capacity (Fig. 9) follows the same pat-
tern as the chaotic Mackey-Glass, with the score higher at
small windows and decreasing toward the QELM limit,
but the decline is somewhat smaller, since the QELM
retains close to 80% of the small-window capacity in
both strategies, against roughly 60% at the most com-

plex Mackey-Glass delay τMG = 50. This is consistent
with the correlations of the signal, which decay over a
few steps, so that the recent inputs held explicitly in the
register carry most of the information needed for the pre-
diction. Forecasting the high-dimensional Mackey-Glass
attractor instead requires reconstructing a long stretch
of the signal history, with relevant lags extending well
beyond any register, and it is there that removing the
memory qubits is most costly. As in the previous tasks,
the guided bands lie above the random ones throughout,
with the largest gains at small windows, where the per-
formance depends more delicately on the configuration.
The field-optimized reservoir again reaches higher capaci-
ties than the temporal one across the whole window range
(Fig. 9(c)), with a residual gap remaining even at w = N .
This gap, however, should be read with care, since near
the QELM limit the score barely depends on the evolu-
tion time and the temporal optimum becomes ill-defined,
as the analysis of the best configurations in Appendix F 2
shows. Extended results, including the per-horizon ca-
pacities and the parameters of the best configurations
found, are collected there.

C. Comparison with a densely connected model

The results so far show that a properly tuned nearest-
neighbor chain performs well across different tasks.
Whether a densely connected model would do better at
the same system size is a separate question, and we ad-
dress it by repeating the optimization for the model

Hdense =
∑
i<j

Jij XiXj + hx
∑
i

Xi + hz
∑
i

Zi, (9)

with the same N = 10 qubits and uniform local fields,
and couplings Jij ∼ U [−1, 1] drawn independently for
every pair. The only difference with the chain is
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FIG. 10. Comparison between the linear chain and the
densely connected model on NARMA-10 (a, b) and Mackey-
Glass at τMG = 50 (c, d), under the temporal (left) and para-
metric (right) optimization strategies of Sec. II D. Triangles
show the best configuration of the chain at each encoding win-
dow w, reproduced from Figs. 6 and 8, and circles the best
configuration of the dense model optimized on the fixed real-
ization of the couplings Jfix

ij . The shaded band spans the mean
±1σ of that configuration re-evaluated on 10 realizations of
the couplings, quantifying the sensitivity to the particular
draw. On NARMA-10 the chain outperforms the dense model
at every window below the QELM limit under both strategies,
while on Mackey-Glass the two models perform similarly, with
neither model showing a systematic advantage.

thus the interaction term, where the nearest-neighbor
coupling is replaced by an all-to-all connectivity, the
construction on which quantum reservoirs are usually
built [16, 23, 44, 45]. We compare the two models on
the most demanding task of each family, NARMA-10 for
the memory tasks and Mackey-Glass at τMG = 50 for
the forecasting ones. The couplings are not optimization
parameters. We fix one realization (Jfix

ij ) and run the
two optimization strategies of Sec. II D exactly as for the
chain. Each best configuration found is then re-evaluated
on 10 further realizations of the couplings, and the stan-
dard deviation over them, shown as the band in Fig. 10,
quantifies how sensitive the result is to the particular
draw. The specific realization employed, together with
the spectral characterization of the model, its timescales,
and the verification of the reservoir properties of Sec. II C,
are collected in Appendix G.

Fig. 10 shows the comparison. On NARMA-10 (top
panels) the chain outperforms the dense model at every
window below the QELM limit, under both the tempo-
ral (a) and the parametric (b) strategies. The task re-
quires keeping the lag sk−n accessible to the local readout
while it is combined with the recent inputs, and the dense
model, even at its own optimal evolution time, holds it
there less effectively. The gap is widest under the para-

metric strategy, where the fixed ∆t = 70 sits less than a
factor of two above the Thouless time of the chain but an
order of magnitude above that of the dense model (Ap-
pendix G), so the latter is evaluated much deeper in the
scrambled regime and no choice of fields recovers what
the dynamics have already delocalized. On Mackey-Glass
(bottom panels) the two models perform alike, with the
chain lying within the band of the dense model at nearly
every window. Forecasting draws on the history only
through what it contributes to the future of the signal,
rather than through the recall of one specific input, and
the faster mixing is then no handicap. In all four panels
the performance decreases as the explicit register grows
and collapses at w = N , so the trade-off between explicit
and recurrent storage is a property of the protocol rather
than of the connectivity. Finally, the fixed realization
generally sits at the upper edge of its own band, so the
tuning is specific to the draw it was performed on, al-
though no conclusion of the comparison depends on it.
The optimal parameters found for the dense model are
collected in Appendix H.

The dense connectivity thus brings no advantage for
the tasks studied here. The two models perform alike on
the forecasting task, and on NARMA-10, where keeping
a specific past input accessible is essential, the locality
of the chain becomes an asset. In the chain an input
spreads gradually along the lattice. Its imprint remains
concentrated on few qubits, within the span of the one-
and two-body observables of the readout. On the other
hand, in the dense model every coupling distributes it
over all ten spins at once, moving it into higher-order
correlations that no measured observable captures, re-
gardless of the evolution time. A nearest-neighbor chain
with uniform fields is therefore not a compromise but
a sufficient architecture for temporal processing at this
size.

IV. CONCLUSIONS

In this work we considered a one-dimensional mixed-
field Ising chain with nearest-neighbor interactions as a
quantum reservoir for time series processing. By vary-
ing the length of the input-encoding window we inter-
polated continuously between the QRC and the QELM
paradigms, evaluating every window at its own optimum
via Bayesian optimization. We found that the recurrent
quantum memory is essential when the target reaches far
into the past and dispensable when the relevant history
is short, where the QELM limit already suffices. In every
case, the best reservoirs operate at moderate scrambling,
and a direct comparison at equal system size showed that
dense all-to-all connectivity brings no advantage under
the measurement scheme employed here. We conclude
that quantum reservoir computing for temporal tasks can
be realized with a nearest-neighbor spin chain by tuning
the local fields or the evolution time, contrary to the
common construction based on dense connectivity.
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Within this chain, the encoding register of w qubits
sets how the past is stored, trading the recurrent mem-
ory of the quantum memory register for an explicit record
of the recent inputs. Sweeping w from 1 to N iden-
tifies which problems genuinely require quantum mem-
ory. Whenever the task reaches past the encoding regis-
ter, as in recalling distant inputs, matching a high-order
NARMA target, or reconstructing a high-dimensional at-
tractor, performance peaks at small windows w and col-
lapses at the QELM limit. When the relevant correla-
tions of the signal are short instead, the dependence on
the window flattens. The quasi-periodic Mackey-Glass
regimes are forecast with near-unit correlation across all
windows, and on the Santa Fe series, a measured chaotic
signal that decorrelates over a few steps, the nonrecurrent
QELM retains close to 80% of the best capacity. For such
problems, a time-delayed quantum feature map fed with
a short explicit record suffices, and quantum memory is
no longer the critical resource.

Across the tasks studied, the two optimization strate-
gies considered converge independently on the same
regime. The temporal search selects evolution times
an order of magnitude below the Thouless time of the
chaotic dynamics, and the parametric search settles on
weakly chaotic Hamiltonians, both realizing a moderate
scrambling that mixes each new input with the stored
history without delocalizing it into many-body correla-
tions inaccessible to the local readout. Because the two
strategies produce reservoirs of comparable quality across
most tasks, one can fix whichever parameter is harder to
adjust on a given platform and optimize the other. On
current hardware, the evolution time is typically the eas-
ier parameter to tune.

The comparison with the densely connected model
tests this conclusion directly. The two models perform
alike on forecasting, while on NARMA-10 the chain leads,
its slower spreading keeping past inputs within reach
of the one- and two-body observables of the readout,
whereas the dense couplings move them into higher-order
correlations that no measured observable captures. This
advantage is thus tied to the measured observable set,
and a readout with access to higher-order correlators
could in principle recover the delocalized information,
at the cost of an observable set growing combinatorially
with the correlation order.

A further observation emerging from our results is that
the relevance of the precise reservoir dynamics is itself
strongly task- and regime-dependent. In some cases,
good performance is confined to a relatively narrow range
of Hamiltonian parameters or evolution times, whereas
in others the performance landscape becomes broad and

markedly different reservoir configurations yield essen-
tially the same score. This behavior is visible, for in-
stance, in the widening of the near-optimal regions for
several tasks and encoding windows, but its microscopic
origin is not yet clear. Related Hamiltonian insensi-
tivity has recently been observed in QELMs for clas-
sification, where a local integrable XX model reaches,
beyond a characteristic evolution time, a performance
plateau comparable to that obtained with Haar-random
unitaries, despite their radically different dynamical com-
plexity [66]. Together, these observations suggest that
high learning performance does not always require fine
control over the microscopic Hamiltonian, while in other
regimes such tuning remains important. Identifying
which properties of the task, encoding, readout, and dy-
namics determine this robustness therefore remains an in-
teresting open question, with direct implications for how
precisely quantum reservoirs need to be engineered and
calibrated.

Our results were obtained under ideal conditions, using
exact expectation values computed from the density ma-
trix. Because the input-dependent signal that survives
in the stationary trajectory can be small, a critical next
step is to quantify how much of this performance sur-
vives under finite measurement shots and realistic device
noise [63, 64], a budget that the input-separability anal-
ysis already bounds and that the dilution of the per-site
signal makes more demanding for the dense model than
for the chain. On a broader level, our study identifies
the optimal dynamical regimes for temporal processing,
either a strongly chaotic Hamiltonian evolved for short
times or a weakly chaotic one evolved for long times.
Whether such an a priori selection, guided by scalable
diagnostics [67], can replace the costly task-by-task opti-
mization performed here remains open. This study is fi-
nally limited to N = 10 qubits, and whether the reported
trade-offs persist at larger sizes, where the recurrent state
grows exponentially while both the register and the mea-
sured observable set grow only polynomially, remains to
be established, a question made timely by recent analog
realizations of quantum reservoirs [18].
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Appendix A: Calculation of the Heisenberg time

The Heisenberg time is the longest dynamical scale of
a quantum system, set by the inversemean level spacing,

tH =
1

δE
, (A1)

with ℏ = 1. It marks the time at which the dynamics
resolve individual energy levels, beyond which the SFF
saturates to its plateau, as shown in Fig. 3(a). Since
the level spacing is not uniform across the spectrum but
scales as the inverse of the local density of states, the
average in Eq. (A1) must be taken over a definite en-
ergy window. We evaluate it in the bulk of the spectrum,
where the majority of the levels lie and where all the spec-
tral diagnostics of the main text are computed. In this
region the estimate becomes analytic, following the pro-
tocol of Ref. [57]. For many-body systems with few-body
interactions the density of states is well approximated by
a Gaussian centered at the mean energy, whose width
is the standard deviation of the spectrum. We compute
this width as the ensemble-averaged variance

Γ2
0 =

1

D
⟨Tr(H̃2)⟩ − 1

D2
⟨Tr(H̃)⟩2 , (A2)

where ⟨•⟩ denotes the average over the same ensemble
used for the Thouless time in Sec. II B, namely nr = 2000
realizations of the normalized Hamiltonian with fields
drawn uniformly from a window of half-width ϵdis = 0.15
around the chaotic point (⟨hx⟩ , ⟨hz⟩) = (0.5, 1.05).

For the Gaussian density of states, centered at Ē =
0 for the traceless normalized Hamiltonian, the fraction
of levels lying within one standard deviation above the
spectral center is

χ =
1√

2π Γ0

∫ Γ0

0

e−E2/(2Γ2
0) dE =

1

2
erf

(
1√
2

)
≈ 0.3413.

(A3)
This is the usual fraction of a Gaussian distribution lying
between its mean and one standard deviation. The win-
dow thus contains χD levels spread over an energy range
Γ0, so the bulk mean level spacing and the Heisenberg
time read

δE =
Γ0

χD
, tH =

χD
Γ0

. (A4)

Here D is the dimension of the symmetry sector in which
the spectrum is computed. As in the main text, we work
in the reflection-parity sector +1, whose dimension ex-
ceeds half of the Hilbert space because the reflection-
symmetric basis states, those invariant under the reflec-
tion i → N + 1 − i, have no antisymmetric partner and
belong entirely to it, giving D = (2N +2N/2)/2 = 528 for
N = 10. The only quantity left to evaluate numerically is
the spectral width, for which the ensemble average yields
Γ0 = 1.013 ± 0.001, close to unity since it is computed

with the normalized Hamiltonian H̃ = H/σH . Inserting
these values into Eq. (A4) gives

tH =
χD
Γ0

≈ 178, (A5)

with a relative uncertainty below 0.1%, negligible for all
practical purposes. This value enters the SFF analysis
of the main text through the unfolding procedure, which
rescales each spectrum to unit mean level spacing so that
the scaled Heisenberg time is τH = 1 by construction, and
physical times are recovered as t = τ tH . In particular,
the Thouless time quoted in the main text follows as
tTh = τTh tH .

Appendix B: Detailed calculation of the Thouless
time

In Sec. II B we defined the Thouless time as the onset
beyond which the connected SFF follows the GOE ramp.
Here we give their definitions, the full extraction pipeline,
and the error analysis behind the reported value.

The SFF is the Fourier transform of the spectral two-
point correlations. In the chaotic regime it follows the
universal GOE prediction

KGOE(τ) =

{
2τ − τ ln(1 + 2τ), τ ≤ 1,

2 − τ ln
(

2τ+1
2τ−1

)
, τ > 1,

(B1)

where τ = t/tH is the rescaled time. The ramp re-
flects the level repulsion of the chaotic spectrum, which
suppresses the correlations that survive at intermediate
times, while the plateau sets in once the discrete levels
are individually resolved, at τH = 1. We use the con-
nected SFF,

Kc(τ) =
1

Z

(〈∣∣∣∣∣
D∑

α=1

ρ(εα)e−iεατ

∣∣∣∣∣
2〉

− A

B

∣∣∣∣∣
〈 D∑

α=1

ρ(εα)e−iεατ

〉∣∣∣∣∣
2)

,

(B2)

where {εα} is the unfolded spectrum, D the dimension
of the symmetry sector, ⟨•⟩ the average over disorder re-
alizations, and ρ(ε) the Gaussian filter of Eq. (B5) that
suppresses the spectral edges. Note that in this conven-
tion, where tH = 1/δE and τ = t/tH , the factor of 2π
typically present in the SFF phase is omitted to directly
match the physical time units used in the text. The sec-
ond term subtracts the disconnected part of the SFF, the
contribution from the smooth, non-universal shape of the
filtered spectral density rather than from genuine corre-
lations between levels; removing it lets the ramp follow
the random-matrix prediction cleanly from short times.
The constants

A =

〈∣∣∣∣∣
D∑

α=1

ρ(εα)

∣∣∣∣∣
2〉

, B =

∣∣∣∣∣
〈 D∑

α=1

ρ(εα)

〉∣∣∣∣∣
2

, (B3)
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and the normalization Z = ⟨
∑

α |ρ(εα)|2⟩ ensure that
Kc(τ) vanishes as τ → 0 and saturates to unity at long
times, as shown in Fig. 3(a). We locate the Thouless
time from the deviation

∆K(τ) =

∣∣∣∣log10

Kc(τ)

KGOE(τ)

∣∣∣∣ , (B4)

starting from large τ , where Kc and KGOE agree, and
moving inward to the first time at which ∆K(τ) exceeds
the threshold ϵth = 0.01, as in Fig. 3(b).

The spectra belong to the reflection-parity sector +1
of the normalized Hamiltonian at the chaotic point, with
the two fields (hx, hz) drawn uniformly from a window of
half-width ϵdis = 0.15 around (0.5, 1.05). Each sample is
drawn independently for each of the nr = 2000 realiza-
tions, the same ensemble used for the Heisenberg time in
Appendix A.

To compute the SFF, the first step is the spectral un-
folding of the energy levels, which removes the secular
variation of the level spacing discussed in Appendix A,
since the SFF is only universal once this smooth com-
ponent is taken out. For each realization we build the
cumulative spectral function G(E) =

∑
α Θ(E−Eα) and

fit its smooth part with a polynomial gn(E) of degree n,
so that G(E) = gn(E) + δG(E), where δG(E) contains
the level-to-level fluctuations. As shown in Fig. 11, the
fit captures the full shape of G(E) equally well for all the
degrees considered, with residuals |δG(E)| of the order
of a single level out of the D = 528 in the sector giving
a relative deviation below 10−2. We select n = 12 and
check that this choice is immaterial by repeating the full
pipeline for n ∈ {8, 10, 12}, which shifts tTh by less than
±0.2.

The unfolding is least reliable near the spectral edges,
whose correlations are in any case non-universal, so each
level is weighted by the Gaussian filter entering Eq. (B2),

ρ(εα) = exp

[
− (εα − ε̄)2

2(ηΓ)2

]
, (B5)

with ε̄ and Γ the mean and standard deviation of the
unfolded spectrum. We set η = 0.5, so that levels within
one standard deviation of the spectral center, about 68%
of the spectrum, carry a filter weight above e−2, while
the non-universal edges are smoothly suppressed. This
filter plays the same role as the hard cut used for the
gap-ratio statistics of Fig. 2, where the lowest and high-
est 25% of each spectrum were simply discarded, but the
two situations demand different tools. The gap ratio is
a local quantity, built from consecutive spacings, so an
abrupt truncation removes edge levels without disturb-
ing the ratios that remain. The SFF is instead a coherent
sum of phases over the whole spectrum, a Fourier trans-
form of the filtered level density, and an abrupt rectangu-
lar window would imprint spurious oscillations on Kc(τ)
through its slowly decaying Fourier tails. A smooth filter
such as the Gaussian introduces no such artifacts [57].

With the unfolded and filtered spectra in hand, we
evaluate the amplitude z(τ) =

∑
α ρ(εα) e−iεατ of each

FIG. 11. Cumulative spectral function G(E) for a single
disorder realization at the chaotic point (solid purple), to-
gether with the polynomial fits ḡn(E) used for the unfolding,
of degree n = 8 (dashed blue), n = 10 (dash-dotted green)
and n = 12 (dotted red). The three fits are indistinguish-
able on this scale. The inset shows the absolute residuals
|δG(E)| = |G(E) − ḡn(E)| for the three degrees, with the
same color code, which remain of the order of a single level
across the whole spectrum, showing that the fits capture the
smooth part of the density of states without following its level-
to-level fluctuations. The slightly larger residuals of the lowest
degree near the spectral edges fall outside the Gaussian filter
of Eq. (B5) and do not enter the SFF.

realization on a logarithmically spaced grid of 5000 points
spanning τ ∈ [1/(2πD), 5], and assemble the connected
SFF of Eq. (B2) by averaging over the nr = 2000
realizations. The resulting curve is smoothed with a
200-point centered running mean to remove the resid-
ual point-to-point noise of the ramp, giving the result
shown in Fig. 3(a). We then form the deviation ∆K(τ)
of Eq. (B4) and, starting from the largest τ , where Kc(τ)
and KGOE(τ) agree, we move inward and locate τTh at
the first crossing of the threshold ϵth = 0.01, as shown
in Fig. 3(b). The physical Thouless time follows as
tTh = τTh tH , with tH ≃ 178 from Appendix A.

Unlike the Heisenberg time, which is a closed-form
function of the spectral moments and carries a negligible
uncertainty, the Thouless time is read off the shape of a
finite sample average through a threshold crossing, and
therefore fluctuates. Two independent sources contribute
to its error. The dominant one is statistical. At finite nr

the ramp is noisy, since the SFF only self-averages in
the limit of infinitely many realizations, and the thresh-
old crossing sits on a nearly flat portion of ∆K(τ), so
small vertical fluctuations of the curve translate into a
sizeable horizontal scatter of τTh. We quantify it with a
nonparametric bootstrap over the disorder realizations,
resampling the nr spectra with replacement 200 times, re-
building Kc(τ) and re-extracting τTh for each resample,
and taking the standard deviation of the resulting val-
ues, which, converted to physical units through tH , gives
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±5.3. The second source is systematic and comes from
the unfolding degree, whose spread over n ∈ {8, 10, 12}
is only ±0.2 in the same units, more than an order of
magnitude smaller. We therefore report

tTh = 42.1 ± 5.3, (B6)

dominated by the finite-ensemble statistical error.

Appendix C: Echo state property and input
separability

In this Appendix we verify numerically the dynamical
properties of the reservoir map established in Sec. II C.
First we check the ESP, tracking how two copies of the
reservoir prepared in different initial states converge to
the same trajectory when driven by the same input se-
quence, and quantifying how the number of steps needed
to erase the initial state depends on the Hamiltonian and
the evolution time. We then check input separability by
exchanging the roles in that test, so that the two copies
now start from the same initial state and are driven by
different input sequences, and we confirm that their tra-
jectories remain apart instead of merging. Together, the
two tests show that after the washout the reservoir tra-
jectory is determined by the input history alone.

1. Verification of the Echo State Property

To test the ESP we prepare one copy of the reservoir

in the reference state ρ
(0)
A = |0⟩⟨0|⊗N

used throughout
this work and a second copy in a random product state

ρ
(0)
B , with the single-qubit states drawn as in Sec. II B,

and drive both with the same input sequence, the same
normalized Hamiltonian H̃ and the same evolution time
∆t. At each step, after the evolution of Eq. (5), we track
the distance between them,

Dk = ∥ρ(k)A − ρ
(k)
B ∥F , (C1)

with ∥•∥F the Frobenius norm, averaged over 200 ran-

dom draws of ρ
(0)
B . Both copies are propagated by the

same reservoir map, composed of the reset of Eq. (4) and
the unitary evolution of Eq. (5). While only the trace
distance is mathematically guaranteed to contract under
arbitrary channels, across all configurations tested we ob-
serve the Frobenius distance to decrease monotonically,

Dk+1 ≤ Dk, (C2)

and the ESP is fulfilled when it becomes negligible. How
fast it does is set by the composition with the scram-
bling dynamics, as discussed in Sec. II C. In practice we
declare the initial state washed out once Dk falls below
ϵ = 10−3, after which it keeps decreasing down to ma-
chine precision. Throughout this Appendix we consider

FIG. 12. Convergence to the echo-state property, measured by

the Frobenius distance Dk = ∥ρ(k)A −ρ
(k)
B ∥F between two reser-

voir copies initialized in the reference state and in a random
product state, driven by the same input sequence at w = 1

and averaged over 200 draws of ρ
(0)
B . The dotted line marks

the washout threshold ϵ = 10−3. (a) Fixed chaotic Hamil-
tonian (hx, hz) = (0.5, 1.05) for different evolution times ∆t,
with the inset zooming into ∆t = 0.1, where the distance still
decreases at every step but at a vanishingly small rate. (b)
Fixed ∆t = 70 across the integrable-to-chaotic crossover, la-
beled by the mean gap ratio ⟨r̃⟩.

the encoding window w = 1, which is the worst case sce-
nario and therefore the slowest to converge, since tracing
out more qubits at each step erases more information
from the reservoir. The washout length estimated at
w = 1 thus upper-bounds the requirement for any w > 1.

Figure 12(a) shows the convergence at the chaotic
point (hx, hz) = (0.5, 1.05) for evolution times spanning
four orders of magnitude. For ∆t ≳ 10 the two copies
meet machine precision within a few hundred steps, while
shorter evolution times slow the convergence down dra-
matically. The reason is that between resets the dynam-
ics must propagate the erasure from the input qubit into
the memory qubits. When ∆t is too short, the evo-
lution barely correlates the input qubit with the rest
of the chain before the next reset, and the information
stored in the memory qubits survives almost untouched,
so the initial condition is erased only after many more
steps. In the extreme case ∆t = 0.1 the distance appears
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flat on the scale of the main panel, but the inset con-
firms that it still decreases at every step, only at a rate
so small that the washout becomes impractically long.
Panel (b) fixes ∆t = 70 and varies the Hamiltonian across
the integrable-to-chaotic crossover, labeled by its mean
gap ratio ⟨r̃⟩. The convergence rate broadly increases
with the degree of chaos. The two GOE Hamiltonians
(⟨r̃⟩ = 0.53), with equal gap ratio but different fields,
converge fastest, confirming that the rate is set by ⟨r̃⟩
rather than by the microscopic parameters, and both are
erased within a few hundred steps. The near-Poissonian
Hamiltonians are the slowest, lagging by orders of mag-
nitude, although the ordering is no longer strict near the
integrable regime, where ⟨r̃⟩ = 0.37 converges somewhat
faster than ⟨r̃⟩ = 0.39. There the gap ratio has essen-
tially saturated at its Poisson value and no longer dis-
criminates between Hamiltonians, so the residual order-
ing reflects the particular fields rather than a difference
in the degree of chaos. In every case the distance keeps
decreasing steadily and eventually reaches machine preci-
sion, confirming that the echo-state property holds across
the whole crossover, with the dynamics setting only how
fast it is attained.

The results of Fig. 12 motivate the washout length used
in the main text. At the chaotic point, every evolution
time down to ∆t = 1 crosses the washout threshold well
before Nwo = 3000 steps, the slowest after a few hun-
dred, and only the extreme ∆t = 0.1 fails to converge
within the simulated window. At the fixed ∆t = 70
of the parametric strategy, the threshold is met across
the whole crossover, the chaotic Hamiltonians crossing it
within a few hundred steps and the most integrable ones
later but still within the washout. The value Nwo = 3000
thus guarantees a fully erased initial condition for both
strategies over the configurations the searches explore.

2. Verification of input separability

To test input separability we exchange the roles of the
previous experiment. Both copies now start from the ref-

erence state, ρ
(0)
A = ρ

(0)
B = |0⟩⟨0|⊗N

, and are driven by
two independent input sequences drawn from the same
uniform distribution, with the same Hamiltonian and
evolution time for both. We track the distance between
the reduced states of the memory qubits,

Dmem
k = ∥Trw[ρ

(k)
A ] − Trw[ρ

(k)
B ]∥F . (C3)

Tracing out the encoding register removes the trivial con-
tribution of the new injected inputs, which differ by con-
struction, so that Eq. (C3) examines only the memory
carried by the memory register. Input separability de-
mands the complementary behavior, since the contrac-
tion that erases the initial condition must not also erase
the differences between input histories. The distance
starts at zero, since the two copies share the initial state,
and instead of decaying it grows and keeps fluctuating

FIG. 13. Verification of input separability, measured by the
Frobenius distance Dmem

k of Eq. (C3) between the memory
qubits reduced states of two reservoir copies initialized in the
same reference state and driven by different input sequences
at w = 1. Two configurations are shown, the chaotic Hamil-
tonian (hx, hz) = (0.5, 1.05) at ∆t = 5 (blue) and a weakly
chaotic one with ⟨r̃⟩ = 0.42 at ∆t = 70 (purple). In both cases
the distance grows from zero and then fluctuates around a fi-
nite value instead of decaying, the signature of a stationary
trajectory that remains input-driven, in contrast with the col-
lapse of Fig. 12.

around a finite nonzero value, the fluctuations reflecting
that each new input continues to drive the two copies
apart.

Figure 13 shows this distance for two representative
configurations, the chaotic Hamiltonian at (hx, hz) =
(0.5, 1.05) with ∆t = 5, close to the optimal operating
point of the memory and forecasting tasks, and a weakly
chaotic Hamiltonian with ⟨r̃⟩ = 0.42 at ∆t = 70, rep-
resentative of the winners of the parametric search. In
both cases the distance starts at zero, rises within the
first two steps as soon as the two input sequences be-
gin to differ, and thereafter fluctuates around a finite
value without decaying. The inset zooms into the post-
washout region, where the distance keeps oscillating well
above zero rather than settling to a constant, the fluctu-
ations reflecting that each new input continues to drive
the two copies apart. This confirms that the stationary
trajectory remains input-driven, so that distinct input
histories are mapped to distinguishable reservoir states
and the map is input separable.

The distance is, however, small. The input-dependent
signal that survives in the memory qubits is of the or-
der of 5 × 10−2 for the chaotic configuration and 10−1

for the weakly chaotic one, in Frobenius distance. Re-
solving such differences from measured statistics would
require a large number of shots, which adds no difficulty
in this work, where all features are exact expectation val-
ues computed from the density matrix, but would become
a relevant overhead in any finite-shot implementation.
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Appendix D: Bayesian Optimization:
Tree-Structured Parzen Estimator (TPE) algorithm

Locating the best-performing dynamics at each encod-
ing window is a black-box optimization problem. Writing
x for the configuration, x = (hx, hz) in the parametric
search and x = ∆t in the temporal one, and f(x) for the
task score, every evaluation of f requires simulating a
full reservoir trajectory and training the readout, no gra-
dient is available, and the landscape is nonconvex. With
a budget of a few hundred evaluations per study, a grid
fine enough to resolve the structure of f is unaffordable,
while random search keeps sampling regions that earlier
trials have already shown to be poor. Bayesian Opti-
mization (BO) [68, 69] improves on both by letting every
completed trial inform the choice of the next one.

Each BO iteration combines two ingredients. A surro-
gate model, fit to all completed trials, provides a prob-
abilistic estimate of f across the search space, and an
acquisition function turns that estimate into a decision.
The decision is taken by scoring candidates by how much
an evaluation is expected to pay off and balancing the ex-
ploitation of regions predicted to score well against the
exploration of regions where the surrogate remains uncer-
tain. The candidate maximizing the acquisition is eval-
uated with the full simulation, the outcome is appended
to the record, and the surrogate is refit. Our sampler is
built on the Expected Improvement (EI) [68], which for
a maximization problem reads

EI(x) =

∫ ∞

y∗
(y − y∗)p(y|x)dy, (D1)

the expected margin by which a trial at x would exceed a
reference score y∗ under the surrogate prediction p(y|x).

The Tree-structured Parzen Estimator (TPE) [41, 65]
evaluates Eq. (D1) by modeling the configurations given
the score rather than the score given the configurations.
The completed trials are split by their scores into a good
set, the top fraction γ, and a bad set containing the rest,
with y∗ the splitting threshold, so that γ = P (y ≥ y∗). A
Parzen (kernel-density) estimator is then fit to the con-
figurations of each group,

p(x|y) =

{
ℓ(x), y ≥ y∗,

g(x), y < y∗.
(D2)

Under this model the acquisition of Eq. (D1) becomes
a monotonically increasing function of the density ra-
tio [41],

EI(x) ∝
(
γ + (1 − γ)

g(x)

ℓ(x)

)−1

, (D3)

so that maximizing the acquisition reduces to maximiz-
ing ℓ(x)/g(x). At each iteration the sampler draws a
set of candidates from ℓ(x) and proposes the one with

the largest ratio, the point where the good configura-
tions concentrate most strongly relative to the bad ones.
Replacing the surrogate over f by two kernel-density esti-
mates makes each proposal inexpensive, so that the bud-
get is spent almost entirely on the reservoir simulations
themselves.

We use the TPE sampler as implemented in Op-
tuna [42], setting only the number of startup trials and
the random seed and leaving the remaining parameters
at their default values. The densities of Eq. (D2) are then
Gaussian mixtures fit independently for each parameter,
the good set holds the best ⌈0.1n⌉ of the n completed
trials, so that γ = 0.1, and 24 candidates are drawn
from ℓ(x) at each proposal. A uniform component is
included among the kernels, which prevents the densities
from collapsing onto the observed points, and the kernels
of the older trials are down-weighted, so that the propos-
als track the most recent evidence. Each study comprises
150 trials, the first 50 sampled at random, uniformly in
the fields and log-uniformly in ∆t, and the remaining
100 guided by the ratio of Eq. (D3), with every trial run
to completion. Studies are run independently for every
combination of task, optimization strategy and encoding
window w, as well as of NARMA order n and Mackey-
Glass delay τMG where applicable.

Two features of this scheme are worth keeping in mind
when reading the reported optima. Since candidates are
drawn from ℓ(x), the search concentrates where the good
trials already lie, so on a landscape with a broad plateau
the sampler can keep proposing configurations within it
rather than probing farther regions, and the returned op-
timum is then an essentially arbitrary member of a wide
set of near-equivalent points. In addition, with indepen-
dent densities the correlations between hx and hz are
not modeled, which limits the resolution of the paramet-
ric search on a two-dimensional landscape whose good
region is elongated. Both effects are visible in our re-
sults. For the temporal search we can rule them out
directly, since the dense scans of Figs. 5 and 7 show that
the located optimum coincides with the true maximum of
the scanned curve at every window. For the parametric
search no such scan is available, and the scatter of the
winning fields reported in Tables II-V, together with the
width of the 1%-best bands, indicates that the landscape
is flat over a broad region of the field plane rather than
that a sharp optimum has been missed.

Appendix E: Extended results for the memory tasks

This Appendix collects extended results for the mem-
ory tasks of Sec. III A, complementing the total scores
reported in the main text with a more detailed view of
how each configuration achieves them.
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1. STM task

We first examine how the total capacity of the STM
task is distributed across delays. Fig. 14 shows the per-
delay capacity C(d) of the best configuration found by
BO at each encoding window, for the temporal (a) and
parametric (b) strategies, whose sum over delays gives
the totals Ctot reported in Fig. 4.

Panel (a) displays the two-part memory profile antic-
ipated in Sec. II C, with near-perfect recall, C(d) ≃ 1,
for the delays held explicitly in the window, followed by
a decaying tail carried by the memory register once the
input leaves it. The two parts trade against each other
as w varies, and at w = N the profile becomes rectan-
gular, perfect recall of the delays d = 1, . . . , w − 1 and
an abrupt drop to zero. This also explains the mono-
tonic decrease of Ctot in the main text, since each qubit
moved into the encoding register adds one perfectly re-
called delay but shortens a tail worth more than one unit
of capacity. Panel (b) shows the same plateau followed by
a weaker, more gradual tail, so the parametric strategy
preserves the ordering of the totals but reaches a smaller
Ctot at every window, the two coinciding at w = N − 1
and w = N where no memory register remains.

We next characterize the optima found by the BO.
Fig. 15 shows, for every encoding window, the optimal
evolution time of the temporal search (a) and the gap
ratio of the best Hamiltonian found by the parametric
one (b), with the corresponding configuration listed in
Table II. Panel (a) of Fig. 15 shows that the best evolu-
tion time is essentially independent of the window w (for
w < N), ∆topt ≃ 2, more than an order of magnitude
below the Thouless time. The shaded band, spanning the
evolution times whose score lies within 1% of the best,
remains narrow for every w < N , so only a fine selection
of evolution times reaches the top capacities. At w = N
the bands widen showing that the score barely depends
on the evolution time, as one can also observe in Fig. 5,
where the optimum becomes ill-defined in this QELM
limit.

Panel (b) of Fig. 15 shows that the best Hamiltonians
found in the parametric search lie between the Poisson
and GOE values, markedly closer to the former. At the
long fixed ∆t = 70, a strongly chaotic Hamiltonian would
scramble each input toward its Haar-like local equilib-
rium before the measurement, suppressing the input de-
pendence of the observables, so the highest capacities fall
on weakly chaotic dynamics that mix slowly. The para-
metric search thus reaches through the fields the same
moderate effective scrambling that the temporal search
attains with a short evolution of a chaotic Hamiltonian,
landing at w = 1 on (⟨hx⟩ , ⟨hz⟩) = (0.11, 3.59), nearly
switching off the integrability-breaking field and bringing
the model close to the TFIM limit. The compensation is
only partial, as the parametric totals remain below the
temporal ones at every window, and the values reported
at w = N carry no significance in this Hamiltonian-
independent limit.

FIG. 14. Per-delay memory capacity C(d) of the best config-
uration found at each encoding window w, for the temporal
(a) and parametric (b) optimization strategies, with the cor-
responding total capacities Ctot indicated in the legends. In
both panels the capacity is close to one for the delays held
explicitly in the encoding window and decays once the input
leaves it, with the tail carried by the memory register.

TABLE II. Best STM reservoir configurations found at each
encoding window w under the two optimization strategies of
Sec. II D, associated with Fig. 15. The temporal columns
report the optimal evolution time ∆topt found at the fixed
chaotic point (hx, hz) = (0.5, 1.05) and the achieved total ca-
pacity. The parametric columns report the winning mean
fields at fixed ∆t = 70, their disorder-averaged gap ratio
⟨r̃⟩, computed with uniform per-site disorder of half-width
ϵ = 0.15 over nr = 200 realizations and averaged over both
reflection sectors, and the achieved total capacity. The Pois-
son and GOE reference values are ⟨r̃⟩ ≈ 0.386 and 0.531,
respectively.

w
Temporal Parametric

∆topt Ctot ⟨hx⟩ ⟨hz⟩ ⟨r̃⟩ Ctot

1 1.94 31.50 0.11 3.59 0.380 ± 0.053 23.85

2 1.97 28.44 8.95 4.73 0.412 ± 0.016 16.86

3 1.87 26.09 8.77 4.47 0.407 ± 0.018 15.60

4 1.72 23.38 9.97 6.63 0.418 ± 0.015 14.17

5 1.91 20.60 8.82 4.84 0.415 ± 0.016 13.12

6 1.98 17.78 8.77 4.63 0.412 ± 0.016 11.60

7 1.86 14.13 8.35 4.64 0.416 ± 0.017 10.71

8 2.24 11.90 9.33 6.63 0.417 ± 0.016 9.95

9 2.28 9.71 8.28 5.05 0.418 ± 0.016 9.44

10 1.09 8.89 6.59 1.57 0.366 ± 0.019 8.88
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FIG. 15. Characterization of the best STM reservoirs at each
encoding window w found, with the corresponding configu-
rations listed in Table II. (a) Optimal evolution time ∆topt
of the temporal search, with the shaded band spanning the
evolution times whose score lies within 1% of the best. (b)
Disorder-averaged gap ratio ⟨r̃⟩ of the best Hamiltonian found
by the parametric search at each window, with the shaded
band spanning the mean ±σ of ⟨r̃⟩ over the configurations
whose score lies within 1% of the best, and the Poisson and
GOE values marked by the dashed and dotted lines. The gap
ratio is computed with uniform per-site disorder of half-width
ϵ = 0.15 over nr = 200 realizations and averaged over both
reflection sectors.

2. NARMA-n task

Fig. 16 resolves the heatmaps of Fig. 6 order by order.
The guided band lies above the random one throughout,
most where the memory qubits must supply the recall,
at small windows and high orders. Unlike in the STM
task, the dispersion does not collapse as w → N , be-
cause even with the lag held explicitly in the window the
readout still needs products of the encoded inputs beyond
those the register exposes directly, so the mixing by the
dynamics remains relevant; a random draw of ∆t then
lands anywhere between the short-time plateau, where
the cross-term is directly available through the two-body
correlators, and the scrambled long-time regime, and in
some cases a moderate evolution helps further, combin-
ing the register contents so that additional products reach
the readout. The window-dependence tracks the diagonal
n = w, high and flat at low orders, developing a trough at

intermediate windows with maxima at both ends at in-
termediate orders, where the lag is carried by the N − 1
memory qubits at w = 1 or by the register at w > n but
by neither in between, and losing the large-w recovery at
the highest orders, until n = 10 falls monotonically to
the QELM collapse.

We next characterize the best configurations, which for
the temporal search are the true optima, since the crosses
overlap with the stars in Fig. 7. Fig. 17 collects, for four
representative orders, the best evolution time (a) and the
gap ratio of the best parametric Hamiltonian (b), with
the configurations for n = 5, 7, 10 in Table III. Panel (a)
splits at the diagonal. For n ≥ w the best time sits at
intermediate values, roughly independent of the window
and slightly above the STM value, consistent with a task
that needs somewhat more mixing before the readout
can form the target’s products. For n < w it drops by
an order of magnitude toward the shortest times and the
1%-best band widens, since with both cross-term inputs
in the window the score is high from the start and further
evolution mostly only degrades it.

Panel (b) shows the same split. The common feature
across the whole plane is that the winning fields are much
larger than the coupling J = 1, so that the interaction
term, the only source of entanglement between qubits,
acts as a perturbation and the effective scrambling rate
stays low over the long fixed evolution ∆t = 70. Where
the optimizer places the field within that regime, how-
ever, changes with the order. For n ≥ w it drives hx to
nearly zero while keeping a large transverse field, reduc-
ing the chain to the integrable TFIM, with ⟨r̃⟩ close to
the Poisson value, as Table III shows for n = 7 at w ≤ 8.
Above the diagonal the search goes further and selects
⟨r̃⟩ below the Poisson value, now with a dominating lon-
gitudinal hx, as the table shows for n = 5 at w ≥ 8. In
this corner the field is parallel to the coupling and the
two share the same eigenbasis, so the evolution is nearly
diagonal in x and barely disturbs the encoded register.
At the highest order, n = 10, the optimum never crosses
the diagonal and both fields remain large and compara-
ble, giving ⟨r̃⟩ ≃ 0.42, weakly chaotic but far from GOE.

Neither the integrable nor the nearly commuting con-
figurations should be read as inoperative reservoirs. The
transverse field does not commute with the coupling,
so the near-TFIM dynamics still correlates the qubits
and mixes the inputs, through free quasiparticles rather
than through many-body scrambling. In the nearly com-
muting corner the encoded states are not eigenstates
of the Hamiltonian either, and although the conserved
⟨Xi⟩ and ⟨XiXj⟩ carry only the instantaneous input, the
phases the evolution generates between x eigenstates be-
come visible in the transverse components of the fea-
ture set, which makes the choice of readout basis essen-
tial. Reservoirs of precisely this class, with commuting
field and coupling terms read out in a transverse basis,
have achieved state-of-the-art experimental performance
on the NARMA family [19]. Finally, the configuration
reported at n = 10 and w = N , with ⟨r̃⟩ near the GOE
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FIG. 16. NARMA-n score 1 − NRMSE as a function of the encoding window w for every order n = 1 to 10, under the
temporal (a-j) and parametric (k-t) optimization strategies. Each panel shows the mean ±σ of the 50 random trials (dashed,
light band), the mean ±σ of the 100 guided trials (solid, darker band) and the best configuration found (diamonds). The
guided distributions lie above the random ones throughout, with the largest gains at small windows and high orders, and the
distributions converge as w → N . At n = 10 both strategies collapse at w = N , where the required lag is unreachable.

value, carries no significance, since there the task has col- lapsed for every Hamiltonian and the search returns an
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FIG. 17. Characterization of the optimal NARMA-n reser-
voirs at each encoding window w for four representative or-
ders, with the corresponding configurations listed in Table III.
(a) Optimal evolution time ∆topt of the temporal search, with
the shaded bands spanning the evolution times whose score
lies within 1% of the best. For n ≥ w the optimum sits at
intermediate times, while once n < w it drops toward the
shortest times of the search range and the band widens. (b)
Disorder-averaged gap ratio ⟨r̃⟩ of the winning Hamiltonian
of the parametric search, computed as in Fig. 15, with the
Poisson and GOE values marked.

arbitrary point of a flat landscape.

Appendix F: Extended results for the forecasting
tasks

1. Mackey-Glass task

The Mackey-Glass system of Eq. (8) is a delay-
differential equation, so its state at time t is the whole
history segment over [t − τMG, t]. We integrate it with
a fixed-step fourth-order Runge-Kutta scheme of step
h = 0.05, chosen so that the delay spans an integer num-
ber of steps for every τMG considered and the delayed
value falls on the stored grid. Starting from a constant
initial history x(t′) = 1.2, we discard a transient of 5000
time units and sample the settled trajectory at unit spac-
ing, giving the input sequences after the rescaling to [0, 1].
As the delay grows the dynamics transition from a stable
limit cycle to a chaotic attractor of increasing dimension,

TABLE III. Best NARMA-n reservoir configuration found at
each encoding window w for the orders n ∈ {5, 7, 10} under
the two optimization strategies of Sec. II D, associated with
Fig. 17. The temporal columns report the best evolution time
∆topt found at the fixed chaotic point (hx, hz) = (0.5, 1.05)
and the achieved score 1−NRMSE. The parametric columns
report the best mean fields found at fixed ∆t = 70, their
disorder-averaged gap ratio ⟨r̃⟩, computed with uniform per-
site disorder of half-width ϵ = 0.15 over nr = 200 realizations
and averaged over both reflection sectors, and the achieved
score. The Poisson and GOE reference values are ⟨r̃⟩ ≈ 0.386
and 0.531, respectively.

n w
Temporal Parametric

∆topt 1 − NRMSE ⟨hx⟩ ⟨hz⟩ ⟨r̃⟩ 1 − NRMSE

5

1 4.24 0.75 3.62 9.96 0.446 ± 0.015 0.81

2 3.04 0.69 3.43 9.99 0.436 ± 0.017 0.81

3 3.05 0.68 0.38 8.13 0.382 ± 0.051 0.81

4 1.78 0.67 0.73 7.89 0.395 ± 0.046 0.83

5 1.46 0.75 0.20 7.93 0.381 ± 0.054 0.83

6 1.23 0.83 0.03 8.01 0.380 ± 0.053 0.83

7 1.13 0.83 5.34 2.15 0.390 ± 0.017 0.84

8 0.64 0.84 5.72 1.97 0.381 ± 0.017 0.85

9 0.67 0.85 6.20 1.12 0.365 ± 0.024 0.86

10 0.58 0.85 5.86 1.69 0.378 ± 0.020 0.85

7

1 3.74 0.75 0.38 8.15 0.379 ± 0.050 0.78

2 3.88 0.67 0.02 2.78 0.387 ± 0.050 0.78

3 2.32 0.65 0.01 9.53 0.385 ± 0.049 0.71

4 2.15 0.64 0.21 9.14 0.379 ± 0.048 0.72

5 1.45 0.62 0.02 8.95 0.379 ± 0.050 0.73

6 2.05 0.65 0.88 8.54 0.397 ± 0.045 0.71

7 3.22 0.63 0.04 8.87 0.384 ± 0.048 0.73

8 3.64 0.71 0.22 8.57 0.384 ± 0.052 0.76

9 1.28 0.79 6.13 1.00 0.358 ± 0.025 0.81

10 0.20 0.81 6.98 1.51 0.366 ± 0.019 0.81

10

1 2.68 0.70 0.52 7.93 0.384 ± 0.048 0.69

2 2.71 0.67 0.00 3.93 0.376 ± 0.051 0.66

3 3.02 0.66 9.00 7.03 0.421 ± 0.015 0.56

4 3.14 0.65 7.59 4.86 0.421 ± 0.015 0.55

5 3.26 0.63 7.69 4.89 0.421 ± 0.015 0.55

6 3.42 0.62 8.24 4.99 0.420 ± 0.016 0.51

7 2.97 0.58 9.11 7.03 0.416 ± 0.016 0.48

8 2.64 0.57 8.84 6.90 0.423 ± 0.016 0.44

9 2.84 0.52 7.09 5.40 0.421 ± 0.016 0.40

10 0.10 0.19 1.88 2.04 0.497 ± 0.012 0.20

a complexity that can be measured through the Kaplan-
Yorke dimension DKY [70], estimated from the Lyapunov
spectrum that we compute with the Benettin algorithm
adapted to delay-differential equations [71]. For this sys-
tem DKY grows roughly linearly with the delay, from
DKY = 1 at τMG = 7 and 15, through 2.14 at the on-
set τMG = 17, to 3.50 and 5.27 at τMG = 30 and 50, so
that the delay acts as a single dial on the difficulty of the
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TABLE IV. Best Mackey-Glass reservoir configurations found
at each encoding window w for the chaotic delays τMG ∈
{30, 50} under the two optimization strategies of Sec. II D,
associated with Fig. 18. The temporal columns report the
best evolution time ∆topt found at the fixed chaotic point
(hx, hz) = (0.5, 1.05) and the achieved forward capacity Cfut

tot

of Eq. (7). The parametric columns report the best mean
fields found at fixed ∆t = 70, their disorder-averaged gap
ratio ⟨r̃⟩, computed with the fields drawn uniformly from a
window of half-width ϵ = 0.15 around the reported mean
values over nr = 200 realizations and averaged over both
reflection sectors, and the achieved forward capacity. The
Poisson and GOE reference values are ⟨r̃⟩ ≈ 0.386 and 0.531,
respectively.

τMG w
Temporal Parametric

∆topt Cfut
tot ⟨hx⟩ ⟨hz⟩ ⟨r̃⟩ Cfut

tot

30

1 10.51 130.2 3.94 5.57 0.490 ± 0.017 133.4

2 5.94 130.3 5.05 8.13 0.482 ± 0.016 131.6

3 5.44 129.8 4.84 7.90 0.485 ± 0.017 132.5

4 6.10 129.6 7.13 6.77 0.446 ± 0.015 130.6

5 4.82 127.9 8.25 7.11 0.432 ± 0.015 130.9

6 4.88 126.3 8.33 6.58 0.423 ± 0.016 130.4

7 5.05 123.4 9.47 5.50 0.417 ± 0.016 129.4

8 3.90 120.8 3.91 2.40 0.420 ± 0.016 126.6

9 3.02 115.8 9.93 4.65 0.397 ± 0.017 124.2

10 1.65 111.9 8.04 9.88 0.470 ± 0.020 113.3

50

1 3.26 89.2 4.38 3.11 0.427 ± 0.016 107.9

2 4.53 91.5 5.29 2.30 0.394 ± 0.018 105.0

3 4.76 88.0 9.29 7.07 0.416 ± 0.014 102.0

4 4.74 84.8 9.61 6.88 0.416 ± 0.014 102.1

5 4.73 80.5 9.80 5.91 0.419 ± 0.015 103.1

6 3.18 77.5 5.92 2.32 0.391 ± 0.019 99.2

7 5.55 72.2 9.94 2.68 0.363 ± 0.020 95.4

8 5.94 68.2 8.36 4.13 0.405 ± 0.018 84.7

9 0.32 63.0 9.92 4.07 0.382 ± 0.018 82.5

10 0.18 61.7 6.96 0.02 0.131 ± 0.026 61.4

forecasting task.

Fig. 18 characterizes the best configurations at the two
chaotic delays, with parameters in Table IV. The best
evolution time (a) sits at intermediate values ∆topt ≃ 3–
10 over most windows for both delays, below the Thou-
less time and close to the memory-task values, and stays
roughly independent of w until the register nearly fills the
chain, where at τMG = 50 it drops by an order of magni-
tude at w = 9, 10 as the register already holds the recent
history. The parametric gap ratios (b) are ordered by
delay, lower at τMG = 50 (between ≃ 0.36 and 0.43) than
at τMG = 30 (≃ 0.40–0.49), so forecasting the longer-
memory attractor pushes the search toward more weakly
scrambling dynamics that preserve the encoded history
over the long fixed ∆t = 70. The w = N values, most
visibly ⟨r̃⟩ = 0.13 at τMG = 50, carry limited significance
on the nearly flat QELM landscape.

FIG. 18. Characterization of the best Mackey-Glass reser-
voirs found at each encoding window w for the two chaotic
delays τMG = 30 and 50, with the corresponding configura-
tions listed in Table IV. (a) Best evolution time ∆topt of the
temporal search, with the shaded band spanning the evolution
times whose score lies within 1% of the best. It sits at inter-
mediate values for most windows, far below the Thouless time
(dashed), and drops toward the shortest times of the search
range as the encoding register fills the chain, most sharply at
τMG = 50. (b) Disorder-averaged gap ratio ⟨r̃⟩ of the best
Hamiltonian found by the parametric search, with the Pois-
son and GOE values marked. The winners at τMG = 50 lie
systematically below those at τMG = 30, at or near the Pois-
son value for several windows, and in both panels the bands
widen at the largest windows, where the score barely depends
on the configuration.

2. Santa Fe task

Fig. 19 shows the per-horizon forward capacity Cfut(d)
of the best configuration at each window, for the tempo-
ral (a) and parametric (b) strategies. At short horizons
the windows are indistinguishable, the recent inputs in
the register already carrying what these horizons require,
and they separate only in the tail, where the small win-
dows sustain a higher capacity and the largest, w = 9, 10,
fall below with little recurrent memory left to supply the
older history. The QELM limit thus stays close to the
best except at the longest predictions, so the moderate
drop reported in the main text is concentrated in the tail,
reflecting the short-ranged correlations of the signal.

Fig. 20 characterizes the best configurations, with pa-
rameters in Table V. With no dense scan of the evolution
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FIG. 19. Per-horizon forward capacity Cfut(d) of the best
Santa Fe configuration found at each encoding window w, for
the temporal (a) and parametric (b) optimization strategies,
with the corresponding total capacities Cfut

tot indicated in the
legends.

time available here, the 1%-best bands are our main han-
dle on the landscape. At the smallest windows w = 1–3
the band is narrow and the optimum sits at intermedi-
ate ∆topt ≃ 5–19, as for the memory tasks and Mackey-
Glass, the reservoir extracting from the recurrent mem-
ory the history the register does not hold. Beyond w = 3
the register already covers the short correlations of the
signal and the landscape depends only weakly on ∆t, the
search settling at the short end for w = 4–7 and scatter-
ing over several decades from w = 8 on. We read this as
a nearly flat landscape, though without a dense scan we
cannot dismiss structure the search missed. The extreme
case ∆topt = 784 at w = 8, far beyond the Heisenberg
time, scores well only because exact expectation values
let the linear readout exploit an arbitrarily small noise-
less signal, a regime that would not survive finite-shot
estimation (Appendix C 2).

Appendix G: The densely connected model as a
quantum reservoir

In this Appendix we characterize the densely con-
nected model used in the comparison of Sec. III C, mir-
roring the analysis of Sec. II for the chain.

The Hamiltonian is given by Eq. (9), with N = 10
qubits, uniform local fields (hx, hz), and couplings Jij ∼
U [−1, 1] drawn independently for every pair. The model

TABLE V. Best Santa Fe forecasting reservoir configurations
found at each encoding window w under the two optimization
strategies of Sec. II D, associated with Fig. 20. The temporal
columns report the best evolution time ∆topt found at the
fixed chaotic point (hx, hz) = (0.5, 1.05) and the achieved for-
ward capacity Cfut

tot of Eq. (7). The parametric columns report
the best mean fields found at fixed ∆t = 70, their disorder-
averaged gap ratio ⟨r̃⟩, computed with the fields drawn uni-
formly from a window of half-width ϵ = 0.15 around the re-
ported mean values over nr = 200 realizations and averaged
over both reflection sectors, and the achieved forward capac-
ity. The Poisson and GOE reference values are ⟨r̃⟩ ≈ 0.386
and 0.531.

w
Temporal Parametric

∆topt Cfut
tot ⟨hx⟩ ⟨hz⟩ ⟨r̃⟩ Cfut

tot

1 4.79 44.66 1.44 9.56 0.413 ± 0.040 48.36

2 10.29 42.28 7.53 9.11 0.472 ± 0.022 48.14

3 18.79 40.66 6.00 3.04 0.412 ± 0.018 46.01

4 1.13 41.45 6.42 3.84 0.421 ± 0.017 46.54

5 0.82 42.15 7.09 2.66 0.383 ± 0.016 45.00

6 0.85 44.09 3.20 0.46 0.388 ± 0.021 45.64

7 1.10 41.56 2.98 0.76 0.400 ± 0.018 43.55

8 784.30 38.13 7.07 2.20 0.374 ± 0.018 42.74

9 3.87 36.85 0.42 2.45 0.457 ± 0.024 37.72

10 0.66 34.86 2.49 4.79 0.472 ± 0.016 37.64

replaces the nearest-neighbor coupling of Eq. (1) by a
random all-to-all connected interaction, while keeping
the fields uniform so that the connectivity is the only
difference between the two models.

Since the couplings are random, the spectral and dy-
namical characterization below averages over realizations
of Jij at fixed fields, which replaces the field-disorder
average used for the chain. However, the optimiza-
tion experiments admit no such average. A Bayesian
search needs a definite score per trial, so the searches
of Sec. III C for the dense model run on one fixed real-
ization, shown in Fig. 21, which plays the role that the
coupling J = 1 plays in the chain. As throughout this
work, every Hamiltonian is normalized by its own root-
mean-square spectral width H̃dense = Hdense/σH , which
absorbs the realization-dependent energy scale of the cou-
plings and makes a given evolution time physically com-
parable across draws, strategies, and models. The cou-
plings are never optimization parameters, and the two
strategies act, as for the linear chain, on the evolution
time and the uniform local fields. Once each search has
returned its best configuration, we re-evaluate it on 10
additional realizations of the couplings.

Fig. 22 shows the spectral characterization of Sec. II A
applied to the densely connected model, with the aver-
age over nr = 200 realizations of the couplings at fixed
fields. For this model, the random Jij break the reflection
symmetry of the chain, and for finite fields no symmetry
remains, so the gap ratio of the heatmap in Fig. 22(b)
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FIG. 20. Characterization of the best Santa Fe reservoirs
found at each encoding window w, with the corresponding
configurations listed in Table V. (a) Best evolution time ∆topt
of the temporal search, with the shaded band spanning the
evolution times whose score lies within 1% of the best. At
the smallest windows the optimum sits at intermediate val-
ues, from w = 4 to 7 it drops toward the shortest times of
the search range, and from w = 8 the band spans several
decades and the optimum becomes ill-defined, since the reg-
ister already holds the short memory signal and the score
barely depends on the evolution time. (b) Disorder-averaged
gap ratio ⟨r̃⟩ of the best Hamiltonian found by the parametric
search, with the Poisson and GOE values marked.

is evaluated over the full spectrum, D = 2N = 1024.
The exception is the parity P =

∏
i Zi, which is con-

served for hx = 0 and only perturbatively broken while
hx remains small compared to the couplings and hz. In
that region the two parity sectors stay effectively un-
mixed, and superposing them biases the full-spectrum
statistics toward Poisson, so the departures from GOE
near the left edge of Fig. 22(b), wide on the logarithmic
axis but confined to perturbative hx, reflect the unre-
solved quasi-symmetry rather than a loss of chaos. The
cut of Fig. 22(a) confirms this, resolving the parity sec-
tors and showing that ⟨r̃⟩ holds the GOE value from
hx = 0 up to hx ≃ 2, falling toward Poisson only once
the longitudinal field dominates the couplings and shares
an eigenbasis with them. The chaotic reference point
of the chain, (hx, hz) = (0.5, 1.05), remains well inside
the chaotic region (red cross in Fig. 22(b)), so we keep
the same local fields for the chaotic Hamiltonian, while
the integrable reference of the chain is now chaotic and

FIG. 21. The densely connected model. (a) Sketch of the
N = 10 densely connected reservoir, with the explicit regis-
ter (light blue) and the recurrent memory (dark blue) as in
Fig. 1(b), and every pair of qubits coupled by JijXiXj , the
dashes colored by the coupling strength. (b) The fixed realiza-
tion of the couplings Jij ∼ U [−1, 1] used in the optimization
experiments, with the color scale shared with (a).

we take (2.5, 0.1), in the field-dominated region, in its
place (blue cross). The gap-ratio distributions at the
two points (Fig. 22(c, d)) follow the GOE surmise and
the Poisson form, respectively.

The characteristic timescales shift with the con-
nectivity of the system [72]. At the chaotic point
(hx, hz) = (0.5, 1.05), the Heisenberg time is obtained
from Eq. (A1). With no symmetry sectors to resolve,
the full dimension D = 2N = 1024 enters the calculation
instead of the D = 528 of the reflection sector used for
the chain, and the spectral variance is now evaluated on
the same full spectrum used to normalize, so that Γ0 = 1
exactly and tH = χD = 349.5. Repeating the SFF anal-
ysis of Appendix B over the coupling ensemble, with the
same unfolding, Gaussian filter, and threshold crossing,
gives tTh = 6.7 ± 0.7 (Fig. 23), approximately six times
shorter than the chain value tTh = 42.1±5.3. This reduc-
tion comes from the connectivity of the system. Chaotic
correlations develop only once a local perturbation has
spread over the whole system. In the linear chain this
spreading proceeds qubit by qubit along the lattice, and
the Thouless time carries that cost, while in the dense
model every qubit couples to all others, the spreading
is no longer limited by propagation, and the universal
GOE regime of the SFF is reached almost an order of
magnitude earlier. This early onset, however, raises the
statistical cost of locating the crossing. The noise floor
of ∆K(τ) decreases as 1/

√
nr, and with the nr = 2000

realizations used for the chain it grazed the threshold
ϵth = 0.01, so the backward search intermittently locked
onto residual fluctuations rather than onto the true de-
parture from the GOE ramp. We therefore average over
nr = 104 realizations of the couplings, which lowers the
floor well below the threshold.

Finally, we verify that the dense model fulfills the es-
sential reservoir properties established in Sec. II C and
analyzed in Appendix C for the linear chain.
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FIG. 22. Spectral characterization of the densely connected
model for N = 10, with the couplings Jij ∼ U [−1, 1]
drawn independently for each of the nr = 200 realizations
at fixed fields. (a) Average gap ratio ⟨r̃⟩ versus hx at fixed
hz = 1.05, resolved within the sectors of the parity

∏
i Zi,

with the shaded band showing ±1σ over realizations and the
dashed and dotted lines marking the Poisson (0.386) and GOE
(0.531) values. (b) Heatmap of ⟨r̃⟩ over the field plane, eval-
uated over the full spectrum, with the chaotic (0.5, 1.05) and
integrable (2.5, 0.1) reference points marked by the red and
blue crosses. (c, d) Gap-ratio distributions P (r̃) at those two
points, compared with the Poisson and GOE predictions.

FIG. 23. Thouless time of the dense model at the chaotic
point (hx, hz) = (0.5, 1.05), averaged over nr = 104 real-
izations of the couplings Jij ∼ U [−1, 1] at fixed fields. (a)
Connected spectral form factor Kc(τ) versus the rescaled
time τ = t/tH (solid), compared with the GOE prediction
of Eq. (B1) (dashed), saturating to the plateau at τH = 1
(light dotted vertical line). (b) Deviation ∆K(τ) of Eq. (B4),
with the threshold ϵth = 0.01 (dotted horizontal line). In both
panels the vertical gray band marks τTh with its uncertainty,
and shaded bands show ±1σ over the coupling realizations.

For the ESP, one copy of the reservoir starts from the

FIG. 24. Convergence to the echo-state property in the
dense model, measured by the Frobenius distance between
two reservoir copies initialized in the reference and in a ran-
dom product state, driven by the same input sequence at
w = 1. Curves show the median over 10 realizations of the
couplings with 20 random state pairs each, 200 trajectories
in total, with shaded bands spanning the interquartile range
and the dotted line marking the washout threshold ϵ = 10−3.
(a) Chaotic point (hx, hz) = (0.5, 1.05) for different evolution
times ∆t. (b) Fixed ∆t = 70 for Hamiltonians across the
integrable-to-chaotic crossover, labeled by their gap ratio ⟨r̃⟩;
the decay is exponential in every case, with the rate collaps-
ing toward the field-dominated integrable corner.

reference state ρ
(0)
A = |0⟩ ⟨0|⊗N

and the other from a ran-

dom product state ρ
(0)
B , both driven by the same input

sequence at w = 1, the worst case for the erasure, with 20
state pairs for each of the 10 realizations of the couplings
Jij . Figure 24 tracks the Frobenius distance between the
two copies, reporting the median over the 200 trajectories
with the bands covering the interquartile range. We use
the median here because the mean is pulled by the slowest
realizations of the couplings, which lag orders of magni-
tude behind the rest on the logarithmic scale. Fig. 24(a)
fixes the chaotic point and sweeps the evolution time,
while Fig. 24(b) fixes ∆t = 70 and scans Hamiltonians
across the integrable-to-chaotic crossover. In both panels
the decay is exponential and only its rate changes, slow-
ing at short evolution times and toward the integrable
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region, where the longitudinal field shares the X eigenba-
sis with the couplings and the nearly diagonal evolution
delays the erasure. As in the chain, the dynamics set the
rate of the washout rather than whether it occurs. Over
the range of evolution times and Hamiltonians relevant to
the optimization, the distance reaches the threshold well
before Nwo = 3000 steps, so the washout length used for
the chain remains valid for the dense model.

FIG. 25. Verification of input separability in the dense model,
measured by the Frobenius distance Dmem

k of Eq. (C3) be-
tween the memory-qubit reduced states of two reservoir copies
initialized in the same reference state and driven by different
input sequences at w = 1. Curves show the mean ±1σ over
the 10 realizations of the couplings, with the same pair of
input sequences shared across configurations. Two of them
are shown, the chaotic point (hx, hz) = (0.5, 1.05) at ∆t = 5
(blue) and a weakly chaotic Hamiltonian with ⟨r̃⟩ = 0.48 at
∆t = 70 (red). The left segment shows the growth of the
distance over the first steps and the right segment the post-
washout window, with the inset zooming into the stationary
regime, where both configurations keep fluctuating around a
finite value instead of decaying, in contrast with the collapse
of Fig. 24.

For the input separability, two copies of the same reser-
voir start from the reference state and are driven by in-
dependent input sequences, tracking Dmem

k of Eq. (C3)
at w = 1 over the 10 realizations of the couplings, with
the same pair of input sequences for all of them. Fig. 25
shows the chaotic point at ∆t = 5 and a weakly chaotic
Hamiltonian with ⟨r̃⟩ = 0.48 at ∆t = 70, representa-
tive of the two optimization strategies. In both the dis-
tance grows from zero and settles around 2.8× 10−2 and
4.3 × 10−2 respectively, far above the numerical floor of
the ESP test, and the inset shows that it keeps fluc-
tuating rather than converging to a constant, as each
new input drives the two copies apart. The values are
nonetheless smaller than in the chain, 5 × 10−2 at the
same chaotic point and evolution time and of order 10−1

for the weakly chaotic one, because the dense couplings
spread the injected input over all ten spins instead of
leaving it partially localized near the encoding site, di-
luting the trace that any local observable retains. The
same mixing that erases the initial condition faster also
thins the per-site signature of the input, tightening the

FIG. 26. Score of the dense model versus encoding window
w at the fixed realization Jfix

ij , for NARMA-10 (a, b) and
Mackey-Glass at τMG = 50 (c, d), under the temporal (left)
and parametric (right) optimization strategies. Light mark-
ers with band show the mean ±σ over the random trials, dark
markers over the guided (TPE) trials, and the solid line the
best configuration found, following the conventions of Fig. 4.

measurement budget discussed in Sec. II C.

Appendix H: Extended results for the dense model

This Appendix collects the extended results of the
comparison of Sec. III C, showing for the dense model
the same analysis that Appendices E and F present for
the chain. All results refer to the fixed realization Jfix

ij of
Fig. 21.

Fig. 26 shows the score of the random, guided, and best
configurations as a function of the encoding window, for
NARMA-10 (top) and Mackey-Glass at τMG = 50 (bot-
tom) under the two optimization strategies. The guided
band lies above the random one throughout, as for the
chain, so BO successfully exploits the structure of the
landscape in every case. On NARMA-10 the temporal
best decreases monotonically from 0.65 at w = 1 to 0.43
at w = 9 before the collapse at w = N , while the para-
metric best falls much faster, dropping below 0.35 already
at w = 4 and staying near 0.3 thereafter. On Mackey-
Glass the pattern of the chain is reproduced instead, with
the parametric search reaching higher capacities than the
temporal one across the whole window range and both
decreasing toward the QELM limit.

Fig. 27 characterizes the best configurations, with the
corresponding parameters listed in Table VI. The best
evolution times sit below the Thouless time tTh = 6.7 ±
0.7 of the dense model, at ∆topt ≃ 1-2 for NARMA-10
and shorter still, ∆topt ≃ 0.1-0.8, for Mackey-Glass, so
the temporal search selects evolutions shorter than the
Thouless time as it does for the chain. The best fields
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FIG. 27. Characterization of the best dense-model config-
urations at each encoding window w, for NARMA-10 (a, b)
and Mackey-Glass at τMG = 50 (c, d), with the correspond-
ing parameters listed in Table VI. Left panels show the best
evolution time ∆topt of the temporal search, with the shaded
band spanning the evolution times whose score lies within 1%
of the best and the dashed line marking the Thouless time
tTh = 6.7 ± 0.7 of the dense model. Right panels show the
gap ratio ⟨r̃⟩ of the best Hamiltonian found by the parametric
search, computed over nr = 100 realizations of the couplings,
with the Poisson and GOE values marked.

of the parametric search are large compared to the cou-
plings, as for the chain, and their gap ratios lie between
the Poisson and GOE values in every case. On Mackey-
Glass they stay flat at ⟨r̃⟩ ≃ 0.40-0.43 across the win-
dows, while on NARMA-10 they rise from 0.42 toward
the GOE value as the register fills the chain; the values at
w = N , where the task has collapsed and the landscape is
flat, carry no significance, as in the chain. The ⟨score⟩Jij

columns of Table VI report the best configuration re-
evaluated, without re-optimization, on the 10 additional
realizations of the couplings, exposing how much of the
optimized performance survives on couplings the search
never saw. On NARMA-10 the temporal winners carry
over essentially unchanged while the parametric ones lose
up to 0.06, and on Mackey-Glass the pattern reverses,
with the parametric winners robust within a few percent
while the temporal ones lose up to ten units at interme-
diate windows, consistent with their very short optimal
evolutions probing the particular coupling pattern rather
than its ensemble-typical dynamics. In every case the
spread leaves the comparison with the chain unchanged,
so no conclusion depends on the particular draw. Sev-
eral parametric winners sit near the upper edge of the
search domain, with hx close to 10. Extending the do-
main might push them further, but we keep the same
bounds used for the chain so that the comparison stays
on equal footing, and bounded control ranges are in any
case the situation of any real device.
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TABLE VI. Best configurations of the dense model at each encoding window w for NARMA-10 (top) and Mackey-Glass at
τMG = 50 (bottom), under the two optimization strategies of Sec. II D and associated with Fig. 27. The temporal columns report
the best evolution time ∆topt found at the fixed chaotic point (hx, hz) = (0.5, 1.05) and the achieved score; the parametric
columns report the best fields found at fixed ∆t = 70 and their gap ratio ⟨r̃⟩, computed over nr = 100 realizations of the
couplings with uncertainties of ±0.01 throughout. The score, evaluated on the working realization Jfix

ij , is 1 − NRMSE for

NARMA-10 and the forward capacity Cfut
tot of Eq. (7) for Mackey-Glass. The columns ⟨score⟩Jij

report the best configuration

re-evaluated, without re-optimization, on the 10 additional realizations of the couplings, as mean ± standard deviation. The
Poisson and GOE reference values are ⟨r̃⟩ ≈ 0.386 and 0.531, respectively.

w
Temporal Parametric

∆topt scoreJfix
ij

⟨score⟩Jij
hx hz ⟨r̃⟩ scoreJfix

ij
⟨score⟩Jij

N
A

R
M

A
-1

0

1 2.16 0.65 0.65 ± 0.01 8.85 3.70 0.443 0.58 0.55 ± 0.03

2 1.59 0.62 0.62 ± 0.01 9.97 4.00 0.435 0.45 0.47 ± 0.03

3 1.74 0.59 0.58 ± 0.01 4.49 1.22 0.415 0.41 0.35 ± 0.02

4 1.67 0.58 0.56 ± 0.02 6.92 3.31 0.468 0.35 0.32 ± 0.01

5 1.29 0.55 0.55 ± 0.02 6.96 2.59 0.431 0.33 0.31 ± 0.01

6 1.86 0.51 0.51 ± 0.03 8.19 5.24 0.504 0.31 0.30 ± 0.02

7 1.88 0.46 0.46 ± 0.03 6.45 3.79 0.497 0.31 0.27 ± 0.02

8 1.45 0.46 0.46 ± 0.03 9.99 5.55 0.485 0.30 0.29 ± 0.01

9 1.16 0.43 0.41 ± 0.04 9.99 6.05 0.496 0.33 0.28 ± 0.04

10 0.20 0.19 0.19 ± 0.01 8.56 6.27 0.516 0.19 0.18 ± 0.01

M
a
ck

ey
-G

la
ss

,
τ M

G
=

5
0 1 0.83 89.0 89.0 ± 2.8 4.67 1.40 0.420 109.5 103.2 ± 3.5

2 0.66 92.1 90.1 ± 2.9 7.93 3.00 0.432 108.3 102.4 ± 1.6

3 0.49 93.7 89.4 ± 5.0 2.78 0.66 0.429 107.8 102.3 ± 2.8

4 0.39 86.2 85.5 ± 4.8 3.41 0.88 0.425 104.3 100.2 ± 3.4

5 0.31 88.1 80.0 ± 5.7 7.19 1.66 0.401 103.3 97.6 ± 2.5

6 0.30 82.7 75.0 ± 5.2 9.23 3.15 0.418 96.6 95.3 ± 1.3

7 0.25 76.2 66.8 ± 6.4 7.48 2.29 0.412 92.8 92.4 ± 3.4

8 0.27 70.6 65.0 ± 4.0 7.14 1.89 0.406 87.9 86.2 ± 3.1

9 0.33 69.6 60.6 ± 2.6 7.58 2.02 0.405 81.3 76.0 ± 6.0

10 0.11 60.7 60.4 ± 0.2 6.14 7.72 0.523 56.4 55.4 ± 0.4
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